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Abstract

We introduce a variational model for the study of thin films of diblock copolymers.
We establish existence of minimizing configurations via relaxation of the energy involved.
Moreover, we prove partial regularity results for mass-constrained minimizers in two space
dimensions. To show this last result, we develop a two-dimensional regularity theory for
partitions with quasi-minimal surface area, subject to an additional graph constraint.

1 Introduction

Block copolymers are an important class of soft materials (see [5]). They are composed by

chemically bonded linear chains of monomers. The competition between the repulsion among
different subchains and the entropy cost associated with chain stretching is the mechanism
behind the extraordinary self-assembly property of block copolymers, that leads to the cre-
ation of fascinating patterns exhibiting interesting periodicity properties (see [36]). These
beautiful examples of nature’s regular shapes turn out to be extremely useful: indeed, block
copolymers in the bulk are used in applications ranging from upholstery foam to box tape,
from asphalt additives to drug delivery, from photonic crystals to nanoporous materials (see
[19, 23]).

Models aimed at describing the behaviour of block copolymers from physics and chemistry
can be roughly divided into two categories: (self consistent) mean fields models and density
functional theory models. The former (see, for instance, [27, 26]) seem to give, at least
numerically, predictions for the phase diagram that are quantitatively close to what is observed
in experiments. Unfortunately, they are extremely complicated from the mathematical point
of view and thus not suitable (at least so far) for rigorous analytical investigations. On the
other hand, models within the framework of density functional theory are relatively more
simple, while still capturing the main physics driving the arrangement of block copolymers.

A celebrated mean field model for block copolymers was derived by Ohta and Kawasaki
in [30] for the case of diblock copolymers (two monomers) in the strong segregation regime by
using several approximations (infinite temperature and thermodynamic limit). Despite this,
it has successfully been used to derive qualitative properties related to both the dynamics
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and the statics of diblock copolymers. In mathematical terms, the Ohta-Kawasaki is a phase-
field model given by the sum of a Cahn-Hilliard-type functional (replaced by a perimeter
term in the sharp-interface version) and a nonlocal interaction term. The former models
the short-range interaction between different monomers, related to the surface energy of the
interfaces dividing the regions of high concentration of the two monomer species, while the
latter represents their long-range interaction. The emergence of highly nontrivial pattern
configurations at a mesoscopic scale is precisely due to the competition between these two
kinds of energies.

From the mathematical point of view, the interest in studying the Ohta-Kawasaki model,
and variants of it, comes from the many fascinating and extremely challenging questions that
it inspires, and that can be tackled by using rigorous analytical tools. For these reasons,
it has attracted large attention from the mathematical community over the years, and it is
still a very active area of research. In particular, an important open problem is to rigorously
prove, in any spatial dimension, the periodicity of minimizers (up to boundary effects). The
closer results in this direction are those of Miiller [29] in one dimension (see also [32, 33, 40]),
and of Alberti, Choksi, and Otto [2] in general dimension.

When the copolymers are constrained in a thin film, surface energies, namely the inter-
actions of the copolymers with the substrate and the air, strongly influence the shape of the
patterns that are formed, making the landscape of configuration drastically different from
that of the bulk case. The possibility of accessing a larger class of equilibrium configurations
has been exploited for many applications (see [34]). Patterns in thin films of block copolymers
have been investigated numerically (see, for instance, [18, 21, 24, 25, 31, 35]), but despite the
large interest in the physical community in understanding this phenomenon, to the best of
our knowledge, no analytical rigorous study on thin films of block copolymers is available.

In this paper we lay the foundation for the analytical investigation of thin films of di-
block copolymers by introducing a variational model where the copolymer film is confined
between a solid substrate on one side, and the other surface is exposed. The interface between
the copolymer phase and the region above it (which could be void, air or a liquid solvent)
corresponds to a free surface. The region above the film is model by a homopolymer, in
the framework of the density functional theory for blends of diblock copolymers with ho-
mopolymers derived by Choksi and Ren [10] (see also [6, 37, 38] for related studies in the
mathematical literature). The copolymer film is mathematically described by the subgraph of
a function; in this regards, the model is also reminiscent and partially inspired by variational
models for epitaxially strained elastic films, see [7, 9, 14, 12, 11].

We start a rigorous investigation of the properties of the underlying energy and of the
equilibrium configurations of the system. In particular, we discuss the lower semicontinuity
properties of the energy, which permits to prove existence of minimizing configurations via
relaxation. Moreover, we establish several regularity properties of minimizers in dimension
two. Further investigations on the fine structure of patterns in thin films of diblock copolymers
will be the subject of future work.

1.1 Main results

We now pass to an introductory description of the model and of the main results obtained in
this paper. For the precise definitions and assumptions we refer to Section 2.

We consider a thin film of diblock copolymers in general dimension n > 2, whose config-
uration is described by a phase variable u taking values +1, —1, and 0, representing the two
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Figure 1: The different phases and interfaces of an admissible configuration.

phases A, = {u = 1} (first monomer), B, = {u = —1} (second monomer) and the region
above the film V,, = {u = 0}. Admissible configurations are those for which the region A, UB,,
occupied by the diblock copolymer is confined in the subgraph of a function h, over the flat
substrate (assumed to be infinitely large with respect to the film), whose graph I' represents
the free profile of the film (see Figure 1). As customary in this kind of problems, to focus
on the effect of the surface energy on the equilibrium configurations, we work with lateral
periodic boundary conditions.

We consider a sharp-interface model in which the short-range interaction energy ¥ (u)
of a configuration u is assumed to be proportional to the surface measure of the interfaces
between the different phases, with possibly different surface tensions. The interfaces involved
are: F,Z‘B (between the two phases of the diblock copolymer inside the film), Ff, I'B (between
each polymer and the air), and, since also the contact between the film and the substrate
costs surface energy, S2, SP (between each polymer and the substrate), SV (between the
substrate and the air).

The long-range interaction N (u) (see Section 2.3 for the precise definition) describes the
repulsion force between different monomers, and thus acts only on the two sets A, and By,
while the air is modeled as a homopolymer, whose only interaction with the diblock copolymer
is via the surface energies above. We stress that, for the results contained in this paper, the
precise form of the nonlocal energy does not play a role, and the only property that we
use is that N (-) is Lipschitz continuous with respect to the symmetric difference of sets, see
Proposition 2.2. However, the explicit expression of A" will be crucial for the characterization
of optimal or equilibrium configurations.

The total energy .% (u) of a regular configuration u, whose profile is given by a Lipschitz
function h,, writes as

F(u) =G (u) + 3N (u)
= oaH" (T + opH" N (T0) + oapH™ 1 (TLP)
+oasH T (SE) +opsH T SY) + osH TS ) + N (u)
(see Section 2 for the precise definition of all the terms involved).

The rest of the paper is divided in two parts, where we study several properties of the
energy 7. In the first part we focus on its lower semicontinuity with respect to the L-
topology, and we identify in Theorem 3.1 the lower semicontinuous envelope %, defined over



a larger class of possibly irregular profiles. In particular, the relaxation procedure allows
to consider configurations whose free boundary is described by a function h, of bounded
variation: it then might be unbounded and with jump discontinuities, thus allowing to describe
configurations observed in experiments, like steps.

The functional . has the same form of the original functional .%, namely it is the sum
of a surface energy contribution ¢ (u) and of the nonlocal interaction v (u). Notice that
the relaxation affects only the surface part of the energy, as the nonlocal term is continuous
with respect to L'-convergence. As might be expected, the new surface energy ¢ has relaxed
surface tension coeflicients, due to the possibility of reducing the energy by inserting a thin
layer of a phase between two other phases (wetting). The non standard aspect of this pro-
cedure is that, due to the additional constraints of the model (namely, the only admissible
configurations are subgraphs), not all the possible infiltrations are allowed; this prevents us
to apply directly the well-known results about the relaxation of surface energy of clusters in
R™, see [3].

Concerning the proof, whereas the liminf inequality follows by a standard argument
adapted to our setting (see Proposition 3.8), the construction of a recovery sequence (Proposi-
tion 3.9) requires extra care. Indeed, once a non-regular profile is approximated by a Lipschitz
one, thanks to a construction by Chambolle and Solci [9], we need to carefully insert thin
layers of a phase in between the profile and the substrate, the profile and the air, and the air
and the substrate, by preserving the graph constraint, as well as the mass constraint.

Finally, the existence of a solution to the mass constrained minimization problem for the
relaxed functional

min{.# (u) : |Ayu| + |Bu| = M, |Ay| = m}, (1.1)

where 0 < m < M, follows by a standard application of the direct method (see Theorem 3.5).

In the second part of the paper we turn our attention to the study of regularity properties
of solutions to (1.1). This is where the main mathematical challenges are, stemming from the
fact that admissible competitors have to satisfy the additional condition of being subgraphs.
Indeed, if no graph constraint is in force, then partial regularity of minimizing clusters could be
obtained by a standard strategy, which would amount to first showing that volume-constrained
minimizers are quasi-minimizers of the surface energy, and then to proving an elimination
property (see [20]) which allows to reduce locally to the case of only two interfaces. Once
this is done, partial regularity follows from classical results (see [17]). In our case, though,
we cannot apply directly those results, as they require to make arbitrary perturbations, thus
possibly exiting the restricted class of admissible configurations. For this reason, we need
to perform delicate geometric constructions, and to combine several ideas in order to prove
regularity.

We next summarize our main strategy. In Lemma 4.2 we remove the mass constraints by
showing that every solution to (1.1) is also a solution to a suitable penalized problem. The
proof of this fact follows a rather standard contradiction argument, which amounts to show
that if a minimizer of the penalized problem does not satisfy the volume constraint, then it
is possible to modify it and reduce its energy - which would be a contradiction - provided
that the constant in front of the penalization term is large enough. When there is just one
mass constraint and the problem is in the whole space R"”, this can be achieved by a suitable
rescaling of the minimizer; we follow here a refined idea of Esposito and Fusco [13], who
showed that the same can be done by a local perturbation of the set, which brings the mass
of the perturbed set closer (but not necessarily equal) to the desired mass. However, a main



difference is that, while in [13] the local variation is radial, in our case we will perform a
vertical local rescaling in order to keep the graph constraint. Furthermore, another difference
is that in our case two mass constraints are in force; we can however avoid the use of the
Implicit Function Theorem (used in arguments like that in [22, Lemma 29.14]) and deal with
the two constraints one at a time.

The penalized minimum problem allows us to work with a larger class of perturbations.
This fact, together with the Lipschitz continuity of the nonlocal energy, immediately implies
(see Proposition 4.3) that every solution u to (1.1) is a quasi-minimizer of the surface energy

¢, in the sense that there exists A > 0 such that
F(u) <T(0) + A(JALA + |B.OB,), (1.2)

for all admissible competitors v. Notice that in this formulation, admissible competitors have
still to satisfy the graph constraint, and thus the regularity does not follow from classical
results. We denote by Ax ps the class of quasi-minimizers satisfying the inequality (1.2) and
with total mass M, see Definition 4.1. By using (1.2) we then show that h, is bounded, see
Proposition 4.4.

The next main result, which is proved in Subsection 4.2 through a series of propositions,
concerns the regularity of quasi-minimizers in dimension n = 2. In view of the previous
discussion, it applies in particular to any solution of the minimum problem (1.1).

Theorem 1.1 (Partial regularity in dimension n = 2). Assume that n = 2, and that the
surface tension coefficients satisfy the strict triangle inequalities

oap < 0a+ 0B, oA < OB+ 04B, op <04+ 0aB. (1.3)
Let u € Ap v be a quasi-minimizer, according to Definition 4.1. Then the followings hold.

(i) (Infiltration) There exists eg > 0 (depending only on M, A, and the surface energy
coefficients) such that, for any square Q,(z9) centered at zy € R™ with side length
r € (0,1), the following implications hold:

‘VUOQT(ZOH <50T2 = |Vqu%(ZO)| =0,
and, if Q,(z0) does not intersect the substrate,

(AuUB)N Q=) <eor® = |(AuUBy)NQs(20)| =0.

(ii) (Lipschitz regularity of the graph) There exists a finite set 32, containing the jump points
of hy, such that hy is locally Lipschitz outside X.

(iii) (Singular set) At the upper end of a jump point of hy, the graph has a vertical tangent.
At the points of ¥ that are not jump points of h,, the left or the right derivative of hy
1s infinite. The graph of h, does not contain interior or exterior cusps.

(iv) (Internal regularity of T2B) For every a € (0,1/2) the interface AN OB is a locally a
Cr-curve in {(z,y) €R?: 0 < y < hy(z)}.

(v) (CY®-regularity of the graph) If xo ¢ X is such that (zo, hu(z0)) € 0* AU O*B, then hy,
is of class CY® in a neighbourhood of xq, for every a € (0,1/2).



Conditions (1.3) are known to be needed in order to get regularity for minimizing clusters
(see [20, 39]). The elimination property is well-known in the case of minimal clusters (see
[20]). The idea of the proof is to construct a suitable competitor by filling the minority phase
in Q,(zp) with one of the other phases. However, in our case filling A, or B, by V,, might lead
to a configuration which violates the graph constraint. Therefore, the proof of the infiltration
for Vi, (Proposition 4.6) and for A, U B, (Proposition 4.7) uses a two step strategy: first,
we prove the elimination property in a semi-infinite strip, where it is possible to fill A, U B,
with V,,, without violating the graph constraint; then, we show that a minimal configuration
having small volume percentage of the void (or of the subgraph) in a cube must necessarily
have a small volume percentage of the same in the semi-infinite strip, so that it is possible to
conclude by using the first step.

The proof of the Lipschitz regularity follows an idea by Chambolle and Larsen [8] (see
also [14, 15]): we show an interior ball condition (see Proposition 4.9), namely that there
exists a uniform radius pg > 0 such that, for each z on the graph of h,, it is possible to find
a ball with radius pg tangent to the graph of h, only at the point z and contained in the
subgraph of h,. This property implies (Proposition 4.10) that h, has only a finite number of
jump points, and that h,, is locally Lipschitz continuous outside a finite set (where the inner
ball is tangent to the graph horizontally).

Since in two dimensions the graph h,, is closed, for each point z on the internal interface
between the two phases it is possible to find a ball centered at z that does not intersect the
graph, nor the substrate. Therefore, since internal interfaces do no have any graph constraint
to satisfy, their C1®-regularity follows from classical results (see Remark 4.12).

Finally, the proof of the C1 regularity of the graph (Proposition 4.13) is also based on
an elimination property for the two sets A,, B, separately. To obtain this, we observe that
thanks to the Lipschitz regularity of h,, for every point (zq, hy(z)) € 0*AUO*B with zo ¢ ¥
we can find a rectangle such that the graph of h, does not intersect its upper and lower sides.
This property allows to perform a local perturbation which preserves the graph constraint.

We conclude this introduction with a few more remarks. As already observed, for what
concerns the nonlocal part of the energy, our arguments rely only on its Lipschitz continuity
and not on its explicit expression, so that all the results would continue to hold for any other
energy term satisfying the same property.

The extension to the case of more than two phases is relatively straightforward and the
arguments presented here can be directly generalized, at the price of a more demanding
notation and of a larger number of different cases to be taken into consideration. It could
also be possible to extend our results to different kinds of boundary conditions, or if surface
interactions with horizontal walls are presents.

Finally, we believe that the two-dimensional regularity theory for quasi-minimal partitions
subject to a graph constraint, developed in Section 4.2, has its own interest, besides the
specific application to the diblock copolymer model. The generalization to higher dimensions
is, however, not straightforward and would require new ideas: while we believe that the
elimination property might be obtained by refined but similar arguments, the inner ball
condition leading to the Lipschitz regularity of the graph is a purely two dimensional strategy.
This, together with the study of finer regularity properties in two dimension, as well as the
characterization of optimal configurations, will be the object of future research.

Structure of the paper. The paper is organized as follows. In Section 2 we introduce
the main notation, the class of admissible configurations and the total energy of the system.



In Section 3 we compute the relaxation of the energy (Theorem 3.1) and we use this result
to prove the existence of minimizing configurations (Theorem 3.5). In Section 4 we first
show that solutions to the minimum problem (1.1) are quasi-minimizers of the surface energy
under a graph constraint (Subsection 4.1), and then we prove Theorem 1.1 on the regularity
of quasi-minimizers in dimension two (Subsection 4.2).

2 The model

2.1 Notation for functions of bounded variation and perimeters

The profile of the film will be modeled by the (generalized) graph of a periodic function with
finite total variation in (0, L)"~! (n > 2), where L > 0 is a fixed parameter, and its subgraph
will represent the reference configuration of the film. We therefore firstly recall a few notions
from the theory of BV-functions (see [4]), in order to fix the notation used in the paper. Given
h € Ll (), where Q C R™ is an open set (m > 1), its total variation is defined as

loc

|Dh|(£2) == sup{/ghdivd)dx s o€ CP(R™), o] < 1},

and this quantity is finite if and only if the distributional derivative Dh of h is a bounded
Radon measure on Q. We let BV(Q) := {h € L}(Q) : |Dh|(Q) < oo}. If h € BV(Q), at each
point x € € the approximate upper and lower limits

ht(z) = inf{t € R : limsup LMk >t} 0 By()) = O} ,

p—0 wmpm

h™(z) = sup{t € R : limsup Z"({h <t N0 By(x)) = O}

p—0 W P

(2.1)

are well-defined, where .Z"™ is the m-dimensional Lebesgue measure, B,(x) C R™ is the ball
centered at x with radius p, and wy,, = £™(B1(0)). The jump set of h is then defined as the
set
Jp={xeQ: h (x) <ht(x)}, (2.2)

and it is well-known that Jj, is a (H™ !, m —1) rectifiable set, with normal v}, (z) at H™ !-a.e.
point x € Jp,.

We also recall that a set £ C 2 has finite perimeter in Q if |[Dxg|(©2) < oo, where
xe(z)=1ifz € E, xg(z) =0 if = ¢ E; the perimeter of E in Q is then defined as

Z(E;Q) = [Dxpl(Q). (2.3)
We introduce the essential boundary of E
d.F = Q\(E°U EY), (2.4)

where, for t € [0,1], E* denotes the set of points where E has Lebesgue density ¢. Another
relevant subset of the boundary of a set of finite perimeter is the reduced boundary 0*E (see
[4]). At every point of the reduced boundary the measure-theoretic outer normal vg is defined,
the Lebesgue density of F is equal to 1/2, and it is well-known that d.E coincides with 0*F
up to a H™ l-negligible set. We finally recall that a Caccioppoli partition of Q is a finite
partition {E;}icq,. vy of ©, N € N, such that Zivzl P(Ei; Q) < +o0. For a Caccioppoli
partition {E;}; , H™ l-a.e. point of Q belongs to one of the sets (FE;)! or to one of the
intersections 0*E; N 0*E; (i # j).



2.2 Admissible configurations

We now describe the class of admissible configurations. Throughout the paper, we will denote
by x = (', x,) the generic point in R” = R""! xR, and by R} := R"~!x[0, 00). The canonical
basis of R” will be denoted by (eq,...,e,), and the Lebesgue measure on R™ by |- | := Z"(-).
Given L > 0, we also set

Qr=[0,L)" ' cR™  Qf =Q x [0, +c0). (2.5)
We assume that the substrate occupies the infinite region
S =R" ! x (~00,0). (2.6)
We introduce the class of admissible profiles
AP(Q1) ::{h R 5 [0, 400) : h € BVipe(R™L), b is QL—periodic} .

The reference configuration of the film is represented by the subgraph of an admissible profile
h € AP(Qr): we denote it and its periodic extension by

Q= {(m’,xn) EQLxR:0<z,< h(m')},
(2.8)
Q# = {(x',a:n) ER"IXxR:0<2, < h(m’)},

respectively. Notice that, as h has finite total variation, the set €2, has finite perimeter. We
also define, for h € AP(QL), the free profile

Iy, = {(a:’,a:n) c2'eQp, h (2)) <xp, < h+(a:’)} , (2.9)

and we denote by F# its periodic extension. Notice that if 0 < z,, < h™ () then x € (Q#)l,
while if z,, > hT(2) then x € (Q#)O; therefore 86(9# U S) is a subset of F# (and coincides
with Ff up to a H" l-negligible set).

The region §2;, occupied by the film is filled with a diblock copolymer, that is, we have a
partition of €2, into two disjoint sets of finite perimeter A, B representing the two phases of
the diblock copolymer. We identify these two phases with the level sets of a marker function
u : Qp — {£1} with bounded variation, so that A = {u =1} and B = {u = —1}. As  isin
general not an open set, it will be convenient to consider u as a piecewise constant function
defined in the full space R™, taking two additional values © = 0 and u = 2 in the region above
the film and in the substrate, respectively. This is made precise by the following definition.

Definition 2.1 (Admissible configurations). Let I := {£1,0,2}. The class X of admissible
configurations is the space of functions u : R™ — I satisfying the following properties:

(i) u € BV (R™; 1),
(ii) u(x’ + Le;, xy) = u(a’, xy,) for all (2’ z,) eR™, i=1,...,n—1,
(iii) there exists hy, € AP(QL) such that qu ={u=1}U{u= -1},

(iv) S = {u =2}, where S is the substrate defined in (2.6)



(the previous identities have to be understood in the almost everywhere sense with respect to
ZL"™). The class of regular admissible configurations is defined as

Xreg = {u € X : hy is Lipschitz continuous}. (2.10)

We consider the space X endowed with the L'-convergence: we say that a sequence {ug}ren C
X converges in X tou € X if u, — u in LY(Q7).

Given an admissible configuration u € X, we have a partition of the strip Q}f into three
sets of finite perimeter, which will be denoted by

Ay={u=1}NQf, Bu={u=-1}nQ;, Vu={u=0}nQ7, (2.11)

and as usual we will denote by A# , B# and Vu# their periodic extensions. The sets A,
and B, represent the two phases occupied by the diblock copolymer, and V,, represents the
void (or homopolymer) above the film. Notice that A, U B, = €, and *Vy = Ifu (up
to a H" l-negligible set). In other words, the admissible configurations are just periodic
partitions of the upper half-space into three sets of locally finite perimeter A, B, V', with the
constraint that A U B is the subgraph of a BV-function. The jump set J,, of u coincides (up
to a H" l-negligible set) with the union of their reduced boundaries:

HL (Ju\ U o fu=itno{u= j}) =0, (2.12)
1#]

with (ut(z),u™(x)) = (i,5) (up to a permutation) for every z € 8*{u =i} N9*{u = j}.

As we want to consider different values of the surface tension for all the possible differ-
ent interfaces between the phases, it is convenient to introduce the following notation (see
Figure 1):

rd =10, Nno*AF, TP=1, no'Bf, TP =0A%n0"'BF¥NQf, (2.13)
and
S =0"4,n (Qr x{0}), SEF=0"B,n(Qrx{0}), SY =T n(QLx{0}). (2.14)

The set S represents the possible region in which the substrate is exposed. In view of (2.12),
the disjoint union of these interfaces coincides with the jump set J,, of u inside the periodicity
strip:

J.NQF =rAdurBurdBustusbusyun (2.15)

with H"1(N) = 0.

2.3 The nonlocal energy

We next introduce, following [10] and modeling the phase V,, as an homopolymer, the nonlocal
interaction energy between the two phases A,, B, of an admissible configuration u € X.
For u € X we let @ := fQ* u(z)dx = |Ay| — | By|, and we define
L

N(u) = /Q |Vou(a)P dz, (2.16)

9



where the potential ¢, : Qz — R associated to the configuration u € X is the solution to
~A¢, =u—1u inQF, ou(x)dz =0,
QL

with periodic boundary conditions on the lateral boundary 0Q, x (0, +00) and zero Neumann
boundary condition at the interface Qr x {0} with the substrate.

The only property about the nonlocal energy that we will use for the results in this paper
is its Lipschitz continuity with respect to the L'-distance of the phases.

Proposition 2.2. Given a positive constant M > 0, there exists Ly € (0,400), depending
on M, such that for all u,v € X with |Qp,|, || < M it holds

N (u) =N ()] < Ly ([AuD A + [BuA By ).

Proof. The result follows by arguing as in [, Lemma 2.6]. O

2.4 The energy of regular configurations

We now introduce the energy associated with a regular configuration v € &;ce. This energy
will be extended to the whole space X of admissible configurations in Section 3 via a relaxation
procedure. The total energy is the sum of the nonlocal energy N (u), defined in (2.16), and a
penalization of the interfaces between the phases.

Definition 2.3 (Energy). Given positive coefficients o4,0p5,048,048,0B5,05,7 > 0, we
define the total energy of a regular configuration u € Xeg as

F(u) = o aH" U T + opH" N TE) + oapH" HTAB) + 4 N (u)

2.17
+ UAs’anl(S{?) + UBS/anl(Sf) + 057'[”71(51‘{) . ( )
By introducing the surface energy density
OA if (Zaj) = (170)7
0B if (Zaj) :(_170)7
if (¢,7) = (1,-1
w(i, gy = {08 HI =), (2.18)
TAS if (27.7) = (17 2)7
OBS if (Zaj) = (_172)7
gs if (Zaj) = (O? 2)a

with W(i,5) = ¥(j,7), we can write in a more compact notation an equivalent representation
of the energy in terms of the jump set of the piecewise constant function u (see (2.15)):

Fy= [ ) N, (219)

10



3 Relaxation and existence of minimizers

The goal of this section is to compute the lower semicontinuous envelope .Z of the functional
% with respect to the convergence in X', under a volume constraint: for every u € X

F(u) = inf{nkminfﬁ(uk) L wp € Xreg, [Au,| = |Aul, |Buy| = |Bul, we — uin x}. (3.1)
—00

In the following theorem, which is proved in Subsections 3.1 and 3.2, we give a representation
formula for the relaxed functional .%.

Theorem 3.1 (Relaxation). Assume that oap < 04+ og. Then the functional F, defined
in (3.1), is given by

Flu) = / T(ut,u™) dH™ 4y N (u) (3.2)
JunQF
for all w € X, where
o4 =min{oa,0p +0aB} if (,5) = (1,0),
op = min{op,04 +0AB} if (4,7) = (—=1,0),
-, . . 0AB Zf 17.7 = ]-7_]-7
B0, ) = { 7 flg) = - (33)
min{oAs,0Bs + 0AB} if (4,5) = (1,2),
min{ops,oas +oaB} if (i,5) = (—1,2),
| min{os, 045 + 04,085 +aB} if (i,7) = (0,2),

and W(i,j) = ¥ (j,i).

Remark 3.2. From the proof of Theorem 5.1, it also follows that the representation formula
(3.2) continues to hold if we drop the mass constraints in the definition (3.1) of #.

Remark 3.3. The assumption oap < 04+ op prevents the possibility of reducing the energy
by inserting of a thin layer of void between the phases A and B, and is justified by the fact
that the subchains of type A and B of a diblock copolymer are chemically bonded together. In
case the opposite inequality holds, the relaxed functional would have a different surface tension
(04 + o) only for the vertical interfaces of TP connected to the graph.

Remark 3.4. The choice of the L' topology is justified by the fact that we do not consider
elastic effects, that would lead to cracks inside the copolymer phases. In case these effects have
to be taken into account, a natural topology would be the Hausdorff convergence of the epigraph
of the profile, as in [7, 1/]; the corresponding relazed functional would contain additional terms
accounting for vertical cracks, connected to the free profile of the film, inside the two phases
of the copolymer.

The existence of minimizers of the relaxed functional .# follows by a standard application
of the direct method of the Calculus of Variations. We fix two positive real numbers M > 0
and m € (0, M), which represent the total volume of the film and the volume of the phase A
of the copolymer, respectively.
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Theorem 3.5 (Existence of minimizers). Under the assumptions of Theorem 3.1, the con-
strained minimization problem

min{.Z (u) : v € X, [Ay| =m, |B,| =M —m} (3.4)
admits a solution. Furthermore, if u € X is a solution of the above problem, then
F(u) =inf{F(u) : u € Xeg, |Au| =m, |Bu| = M —m}. (3.5)

Proof. Let {ug}r C X, with |A,, | = m, |By,| = M —m, be a minimizing sequence for the
minimum problem (3.4). Consider first the profiles hy :== hy, € AP(Qr). The equibounded-
ness of the energies supy, .7 (u;) < oo, together with the constraint IhklliQr) = 19| = M
and the periodicity of h, yields that the sequence {hy} is uniformly bounded in BV(K) for
every compact set K C R"™!. Therefore up to (not relabeled) subsequences we have that
hy — h in LL (R™™1), for some limit admissible profile h € AP(Qp) such that |Qp| = M.

Next, consider the sequence {uj}r. Again by equiboundedness of the energies we have
supy, | Dug|(QF) < oo, therefore (using also the periodicity) ug — u in L (R") and almost
everywhere, for some periodic function u € BV),.(R™; I). It follows that

{u==+1} = li]£11{uk =41} = lilgthk =Qp,

which shows that h = h,. Therefore u is an admissible configuration in the sense of Defini-

tion 2.1. Moreover, by L!-convergence u satisfies the constraint |A,| = m, |B,| = M — m.
By lower semicontinuity of the relaxed functional we obtain that the limit configuration

u solves (3.4); the equality (3.5) follows from standard properties of relaxation. O

The remaining part of this section is devoted to the proof of Theorem 3.1. Since by
Proposition 2.2 the nonlocal part A/ of the energy is continuous with respect to the convergence
in X, it is sufficient to compute the relaxation of the surface energy. This is proved, as usual,
in two steps: denoting by F the right-hand side of (3.2), in the first step (Proposition 3.8)
it is shown that the energy F(u) is smaller than the liminf of the energies of every sequence
approximating u; in the second step (Proposition 3.9), we prove the sharpness of the lower
bound, constructing a recovery sequence made of regular configurations.

3.1 Lower semicontinuity

The lower semicontinuity of the interface part of the energy (3.2) follows essentially from the
same type of arguments as in [3]. It is indeed well-known (see also [39]) that, for an isotropic
surface energy defined on Caccioppoli partitions of a domain €2, where each interface has
a cost proportional to its area, the validity of the triangle inequalities between the surface
tensions is a necessary and sufficient condition for the lower semicontinuity of the functional.
However, in our case we do not deal with generic Caccioppoli partitions, but we have a
geometric restriction on the admissible configurations; this is reflected in the fact that the
surface tension coefficients W (i, 7) do not satisfy all the possible triangle inequalities, but only
those corresponding to actual configurations of the system. Hence we cannot directly deduce
the following lower semicontinuity result from [3], and we prefer to give a self-contained proof,
based on the same type of argument.
For the proof we will need the following lower semicontinuity lemma.
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Lemma 3.6. Let F', F? C By be disjoint sets of finite perimeter with F* U F? = By, and let
m > 2. Suppose that, for i,j € {1,...,m}, \ij = \j; are nonnegative coefficients such that

Ao < )\11'1 + >\i1i2 + ...+ )\Z’jflij + )\ij2 for all iy, ... ij € {3, ce ,m} distinct. (36)

For every k € N let (Fkl,Flg, ..., F") be a Caccioppoli partition of By into m sets, such that
Fl!' - F', Fg - F? and i — 0 in LY(B1), i = 3,...,m, as k — co. Then

m
AH"H@*F N 0" F?) <liminf Y Ay H" (9" FLNO*F}).
k—o00 i1
1<]
Proof. The idea is that the triangle inequalities (3.6) imply the following property, intro-
duced by Morgan [28]: given any Caccioppoli partition (E',..., E™) of Bi, there exists
I C {3,...,m} such that

)\1233(E1 ulJE: Bl) < S ANHTHOE NOE). (3.7)
iel i,7=1
1<j

In other words, interpreting the sets of the partition as immiscible fluids, it is possible to
take away all but the first two fluids, and to fill the region left empty by the other fluids,
reshaping to a configuration with less energy. Such property is well-known assuming that
all the possible triangle inequalities among the coefficients are satisfied; an inspection of the
proof of [28, Proposition 3.1] shows that, if we want to keep only the first two fluids, then the
triangle inequalities (3.6) are sufficient.

From this property, the statement of the lemma follows easily by lower semicontinuity of
the perimeter. O

Remark 3.7. In the case m = 3 it is possible to give a short direct proof of the above result
without the use of graph theory, as in [28]. Indeed, if we denote by Ly = H"~1(0*FLNO*FY),
then

Z )\ijLZj > )\12L]1€2 + ()\13 + /\23) min{L,ICB, Lig}
i,j=1,2,3
i
> Apmin{L;* + L}*, L;* + L}
= Ao min{ 2 (F}; By), Z(FZ; B1)} .

Thus, using the identity 2(F'; By) = P2(F% By) = H" Y 0*F' N 0*F?), the convergences
Fk1 — F1, F,f — 2, and the lower semicontinuity of the perimeter, we get the result.

Proposition 3.8. Denote by F the right-hand side of (3.2). For every u € X and for every
sequence {u;j}jen C Xeg such that uj — u in X there holds

F(u) < liminf . (u; ). (3.8)

Jj—00

Proof. As already observed, it is sufficient to consider the surface part of the energy, as
the nonlocal term is continuous with respect to the convergence in X. Without loss of
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generality we can assume that the sequence .# (u;) is bounded and that the measures p; =
U(uf (O u YH LT, ; locally weakly™ converge in R" to a positive Radon measure p. We need

to show that p > \If(u+, “YH" 'L J,. By [4, Theorem 2.56] it is sufficient to show that

lim sup 1By (>)1

T > U(ut(z),u (z)) for H" Lae. z € J,. (3.9)
p— n—

This can be proved by a blow-up argument: we fix z € J, and we let p, — 0T be a sequence
such that (0B, (x)) = 0, and we select a subsequence (u;, )5 such that

1 _
o luj, — uldz < py, 1 (Bpy () < (B, (7)) + pg-
k

We introduce the rescaled functions vy (y) = uj, (z + pry), w¥(y) = u(z + pry), defined in
By; then w® — w in L'(B;) as k — oo, where

w(y) = {u-f'(x) in {y € By :y-vu(z) >0},
u”(z) in{y € By:y-w(x) <0}

Moreover by our choice of the subsequence

/|vk—w\dy</ |vk—w’f|dy+/ rwk—wrdy<pk+/ b — wl dy,
B1 B1 By By

that is, also vy — w in L'(By) as k — co. Noticing that

B (B
lim sup M(x))l > liminf ,u( (:B)l) > liminf ka(i))
p—0t Wn—1p"" k=00 wp_1p; k—o0 Wn—lpz
1
—liminf/ U(ut us ) dH
k—o0 wnflprkl ! By, (®)NJu Yoo i

1
= lim inf / (v, v, ) dH"
k—oo Wp—1 BlﬂJuk

the claim (3.9) will follow once we prove that

lim inf/ (v, v ) dH" ™ > w1 T (wt,w). (3.10)
BlﬁJUk

k—o0

In view of (2.15), in order to show (3.9) we now have to distinguish among six possible cases,
depending on which interface contains the point x.

Case 1: x € Ff. In this case, in the blow-up limit we have that half of the ball B; is filled
with the pure phase A,, and the other half ball is filled with the phase V,;; that is, up to
a permutation w™ = 1, w~ = 0. Notice that z,, > 0 and therefore for k large enough the
ball B, (x) does not intersect the substrate and can contain only the phases A, B, and V;
hence, the rescaled functions v can only take the values {£1,0} in By, that is, v,;t € {£1,0}.
Since by definition of W the triangle inequality ¥(1,0) < ¥(1,—1) + ¥(—1,0) holds and
¥ < U, the claim (3.10) follows from Lemma 3.6, applied to F'! := {w = 1}, F? := {w = 0},
Fl={v,=1} = F', F} = {vy =0} = F? [} == {v, = -1} — 0.
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Case 2: x € I'B. This is analogous to the previous case.

Case 3: x € TAB. In this case wt = 1, w~ = —1, and since B,, () does not intersect the
substrate for k large enough, we have vf: € {£1,0}. Then (3.10) follows again by Lemma 3.6
in view of the triangle inequality ¥(1,—1) < ¥(1,0) + ¥(—1,0), which holds by definition of
W and by the assumption o4 < 04 + 0p.

Case 4: x € SA. In this case wt = 1, w™ = 2. In principle, all the four phases can be present
in a neighbourhood of the point x; however, by the geometric constraint the limit interface
between the phase A and the substrate S cannot be approximated by the boundary of V.
Therefore, in order to apply Lemma 3.6, we first need to get rid of the possible infiltration of
the phase V.

We denote by Ay = {vy = 1}, B = {vy = —1}, V}, := {vr = 0} the phases of vy in the
upper half ball Bfr , and the corresponding interfaces by

I =9*A, N0 Vi NBy, T2 =0"B,Nnd*V,NBy, TP :=0"A,Nnd BN By,

SA =9*A,NASNBy, SP=0"B,NSNB;, S/ =08V,NSNB.

Then we modify v by “filling” the region Vj with either Ay or By, according to the following
rule:

vk(y) if y € Bl\Vk,
e(y) =4 1 if y € Vy and H*L(T8) < H 1T,
—1  ify €V, and H* (T4 < HPL(TE).
Notice that ¥, — w in L'(Bj), and that the partition of the unit ball determined by @, does
not contain the phase V. Therefore, using the inequality ¥(1,0) + ¥(—1,0) > ¥(—1,1),

/ (v, o0 ) dHH = W(1,0)H " (T3) + U(—1,00H" 1 (TF) + U(~1, 1)H"(T'1P)
BiNJy,

+ (1, 2)H NS + W (=1, 2)H" H(SP) + w(0,2)H"L(SY)
> U(—1, ) min{H" (T), H" T2} + (-1, )H"(TP)
+ (1, 2)H NS + W (=1, 2)H" H(SP) + ©(0,2)H"L(SY)

_ / W5, 57 ) AR+ W(0,2)H 1 (SY)
Banﬁk
— max{¥(1,2), ¥(—1,2)}H"1(S)).

By observing that 7-[”*1(5,‘!) — 0 as kK — oo, from the previous inequality we obtain

lim inf / (v, v ) dH" " > liminf / (o, o) dH"
k—oco Blvak k—oco Blme;k

To deduce (3.10) we can now apply Lemma 3.6 to the partition of B; determined by o,
which contains only the three phases A, B, S and that converges to the configuration where
the upper half-ball is filled by A, and the lower half-ball is filled by S. Therefore to apply
Lemma 3.6 one only needs to check the triangle inequality ¥(1,2) < ¥(1,—1) + ¥(-1,2),
which holds by definition of W.

Case 5: x € SP. This is analogous to Case 4, with the roles of phases A and B exchanged.
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Case 6: x € SY. In this case w" = 0, w™ = 2, and all the four phases can be present in a
neighbourhood of the point z. We deduce (3.10) by applying once more Lemma 3.6: one only

needs to check that all the possible triangle inequalities (3.6) hold for A2 = ¥(0, 2), namely
@(Ov 2) < @(07 1) + @(17 2)7 @(07 2) < @(07 _1> + E(_la 2)7

U(0,2) <W(0,1) +¥(1,-1)+ ¥(-1,2),  ¥(0,2) <W(0,—1)+ ¥(-1,1)+ ¥(1,2).

All these inequalities can be checked by using the definition of W. O

3.2 Recovery sequence

The goal of this section is to prove the following result, which combined with Proposition 3.8
completes the proof of Theorem 3.1.

Proposition 3.9. Denote by F the right-hand side of (3.2). For every u € X there exists a
sequence {uj}jen C Xreg Such that uj — u in X, |Ay;| = [Ayl, |By,| = [Bu|, and

F(u) = lim 7 (u;). (3.11)

The proof we present uses an approximation result proved in [9] (the proof of the first two
statements is contained in Step 1 of the proof of [9, Proposition 4.1], while the last statement
is proved in [9, Remark 4.4]).

Lemma 3.10. Let h € AP(Qr). Then, for every ¢ > 0, there exists f € C°(R" 1), Q-
periodic, such that
If = Rllpigy) + ' TRN Q) <e,

j [ VIR )| <

and

| H T {f=0h - H" T ({h=0}) | <=
We are now in position to prove the existence of a recovery sequence.

Proof of Proposition 3.9. Fix u € X and let h, € AP(Qr) be the corresponding admissible
profile. The proof is divided into several steps (see Figure 2 for the modifications performed
in Step 2, 3, and 4).

Step 1: approximation of h, with a regular profile. In this step we construct a sequence
uj € X such that u; — v in X and F(u;) — F(u), with the additional property that the
corresponding profiles hy; are smooth. By a diagonal argument this will allow us, in the
following steps, to work under the assumption that the limiting profile is smooth, and to
construct a recovery sequence only in this case.
For each j € N let f; € C®°(R""1) be the Qp-periodic function given by Lemma 3.10
relative to € == % In particular, we have
1 1
I1fi = hullzrgyy +H"  (Th, N Q) < 7 (3.12)
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’/ 1+ |VFi))2d — H“lrhu)g; (3.13)

and !
|1 {f = 0}) = H" ({he = 0}) | < G (3.14)
Define the function u; : R — {0, —1,1,2} as
: # #
u(z) ifxe Q. Ny,
1 if 2 € Q\QF |
() = . A v (3.15)
0 if z € R}T\Q »
2 ifxes.

This modification amounts to fill the (small) region in .\, by the phase A, and to remove
the possible parts of the phases A and B outside €y, by replacing them with V. Notice that
ﬂj S Xreg with fj = hqjj and

a5 — ullLr@rxr) < (3.16)

Q\[\J

First, we show that
HHTEP) = H TR, (3.17)

Define the Radon measures p = Dx 4#, uB = Dx g#, and, for j € N, define M}L‘ = Dx  #
j
and p == Dx s . Then (3.13) and (3.14) yield
T

Jlim |+ puPI(Q]) = lim 0 [Dxgy (QF) =1Dxqz [(QF) = |u* +pP1(QF),  (3.18)
and, since A, — Ay, By, — By, using also the periodicity,
1 H(@F) < liminf [u(QF), 1P 1(QF) < liminf |7 [(QF). (3.19)
j*)OO ]*)OO

Combining the previous estimates we get

(@) + 16P1(@QF) — [ + 1P1(QF)
2
< lim "“J |(QL) + |M§3‘( ) ‘M] +M] |(QL)

]—>oo 2

= liminf H"! (FAB)

]—}OO

HHTLT) =

On the other hand, by construction and by (3.12)
1
HHIEE) S HPHTLE) + HO T (Dn, Nyy) S HPTHELP) + G

which together with the previous estimate proves (3.17).
Next, we claim that

H 1( ) — K" 1(FA) H 1( ) — H I(FB) (320)
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and that
HHSE) = 1S, HETH(SE) - HETH(SY). (3.21)

Using (3.17), (3.18), and (3.19), we have ]
QD + 1P1(QF) < timinf [|uf(QF) + |17 (@)
= liminf [ + p7(QF) + 21" (TZP)
= |t + P IQF) + 21" (TP
= (@) + 11P1(@1),

hence

| QF) = Q) 1 1@F) = InP1(QF). (3.22)
Denote now, for € > 0, Q° :== Qr, x (¢, +00), and notice that for #!-almost every ¢ > 0 we
have H"~1(J, N {z, = e}) = 0. For all such ¢, thanks to (3.18) and to (3.22) we obtain

@) = (@), WP IQ7) = WPI(Q7), g + i 1(Q7) — i + w((QF),
and in turn, arguing as in the proof of (3.17),
H RPN Q) — 1T N Qo).
Then for almost every € > 0
H G, N Q%) = |ug (@) = H (TG N Q)
= Q) = H TP N Q) = 1T N @),
and similarly H"‘l(ng NQ?) — H" Y TENQ?). From these two convergences (3.20) follows:

indeed, if (3.20) fails then for some 1 > 0 we would have (using the fact that ’H"‘l(l“éj UF%) —
H (T U Ty)

limsup "N (TF) > H" ' (T) +n,  liminf " 1(TF) <H"'(TF) -7

j—ro0 Jj—oo
(or the symmetric inequalities with A and B exchanged). This yields

lim inf H"fl(l“gj \Q°) < H"UTE\Q°) —n  for every & > 0,

Jj—00
which is a contradiction since H"~1(I'2\Q°) — 0 as ¢ — 0. This proves (3.20).
Finally, by writing
1 [(QF) = H" T ) + H* N (T5P) + H (7)),
pA(QF) =H 1) + H T HTLP) + 1N (S
(and similarly for B), we conclude that also (3.21) holds by using (3.17), (3.20), and (3.22).
Thanks to (3.16), (3.17), (3.20), and (3.21) we obtain F(u;) — F(u), as desired.

Step 2: the non-exposed substrate. Assume v € X,ee. We construct a sequence {v;}jen C Xreg
such that
Jim lvg = vllpof) =0 (3.23)
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Figure 2: The three figures depict the modifications we perform in Step 2, 3, and 4 respectively.
Top-left (Step 2): we consider levels {s;}jen so that H""1(A, N {z, = s;}) converges to
H1(S2), and H Y (B,N{x, = s;}) converges to H"~1(SP). Then the part of the subgraph
of h, that is below the threshold s; is filled with the phase A. Top-right (Step 3): we rescale
by 149, the part of the graph that does not touch the substrate. Bottom (Step 4): we consider
two sequences of levels s§-1) < s§2) so that H""Y(V, N {z,, = s?}) converges to H"1(SV).

The part of V below the threshold 551) is filled with the phase A, while the part of V' between
the two levels is filled with B.

that allows to recover the relaxed coefficients W(1,2) and ¥(—1,2) with the non-exposed
substrate in the limit energy, in the sense that

F(vg) = F(0) + (T(1,2) - W(L2)H" (5] + (T(-1,2) — B(~1,2)) K" (5P). (3.24)
In the case where
oas < oBs+oap and oBs <045 +04B,

the relaxed surface tensions ¥(1,2) and ¥(—1,2) coincide with the original ones ¥(1,2) and
W(—1,2); in this case there is nothing to do, and we just take v; := v for each j € N. Assume
instead

oas < 0oBs+0AB and oAs +0aB < 0Bs -

The only other possible case is ops + 0ap < 0ag and opg < 045 + 0B, that can be treated
similarly. We need to build a sequence {v;}jen satisfying (3.23) and (3.24), which in this case
becomes

F(vj) = F )+ (0as +0ap — ops)H " H(SP). (3.25)
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By standard results on traces of BV-functions (for instance, combining equation (2.8) and
Theorem 2.11 in [16]), it is possible to find a sequence {s;}jen with s; — 0T as j — oo such
that

W AN N {zn = 551) > 1SS, HHBY Nz, = 5;}) = HNHSE), (3.26)
and since H"1(J, N {z, =t}) = 0 for L!-a.e. t we can also assume
H" (T, N {z, = s;}) = 0. (3.27)
Also note that, since H"1(J,) < oo,
H (T, N {0 <z, < s;}) = 0. (3.28)
Define the function v; : R® — {0, —1,1,2} as

1 if(x’,xn)eQ#v and 0 < z,, < sj,

3.29
v(a',x,) otherwise, (3:29)

vi(2!, xy) = {
which satisfies v; € Aoy for each j € N (since h,, = h,) and
lvj = vl 11 gr) < 252" (@),

which gives (3.23). This sequence allows to adjust the surface tensions for the substrate:
namely, we have by (3.27)

y(’l)j) — ﬁ(v) = (UA — (TB)'Hn_l(Ff N {0 <z, < Sj}) — JABHn_l(FUAB N {O <z, < Sj})
+oapH" (B N {xy, = s;}) + (045 — ops)H"H(SP)
+7 N (vj) = N(v)).
By passing to the limit as j — oo, the first two terms on the right-hand side vanish thanks

to (3.28), the third term tends to oapH" 1(SF) by (3.26), and the last term tends to zero
by (3.23). Hence (3.25) follows.

Step 3: the graph. Let v € Xeg and {v;}jen C Xreg be the sequence constructed in the
previous step, satisfying (3.23) and (3.24). We want to modify the sequence in such a way to
recover the relaxed surface tensions ¥(1,0) and ¥(—1,0) between the two phases A, B and
the void V': more precisely, we want to construct another sequence {w;}jen C Xyeg such that

jhjgo [Jw; — UjHLl(Qz) =0, (3.30)
and
lim 7 (wj) = 7 (v) = (¥(1,0) = ¥(1,0)H" ()
J—00

— (T(~1,0) — ¥(~1,0)H"}(rB)| =0. (3.31)

In the case where
oAa<oB+0aB, 0B <04+ 04B
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the relaxed surface tensions W(1,0) and W(—1,0) coincide with the original ones ¥(1,0) and
U(—1,0); in this case there is nothing to do, and we just take w; = v; for each j € N. Assume
instead

oA < 0B+o0aB, oAa+oap <0pB.

The only other possible case is op + 04ap < 04 and op < 04 + 0ap, that can be treated
similarly. In this case the condition (3.31) becomes

lim |7 (w;) — Z(v;) — (04 +0ap —op)H" (TF)] =0. (3.32)

Jj—00
Let §; — 07 and define, for each j € N, the function w; : R™ — {0,-1,1,2} by
vj(2!,zy) if (2, xy) € Q# )
vj
wj(z! z,) =4 1 if hy; (2") < 2 < (14 05)hy,; (2), (3.33)
0 if 2, > (14 05)hy,; (2).
Note that hy,; = (1+6;)hy; = (14;)h, (recalling that hy; = h, for all j, by the construction
in Step 2), therefore w; € Xyeg and
(1+6;)ho (") , . "
ij_UJ'HLl(Qj) S/ / |1 —v;(a, z,)| day, da §2(5j/ hy(2") dz
L Jho(z') QL
which yields (3.30). Moreover by a Taylor expansion

/ \/1+\(1+5j)th(x’)]2d:c':/ 1+ |Vhy(2")]2dz’ + o(1)
QL\SY L\SY

=H"H (D) +HHEY) +o(1),

therefore
Fwp) - F@)=as [ JTH10+5)Th @)
Qr\SY

+(oap —op)H"TH(T]) — aa " (TL) + 7 (N (w)) — N(v)))
= oa(H"H(T) + HHIY)) +o(1)
+ (04 —op)H" N (T]) —oaH" (L) + 7 (N (w;) — N(v))).

We get (3.32) by using (3.30) and recalling that, by the construction in Step 2, we have
H”fl(lﬂfj) — H"HTA) and H"*I(FUBJ_) — HYTD).

Step 4: the exposed substrate. Let v € Xeg and {wj}jen C Xreg be the sequence constructed in
the previous step. We want to modify again the sequence in such a way to recover the relaxed
surface tension W(0,2) of the exposed substrate, that is the interface between the substrate S
and the void V: more precisely, we want to construct another sequence {z;}jen C &reg such
that

]lggo 25 — ijLl(Q-*L-) =0, (3.34)
and
lim |F(z;) — F (w;) — (¥(0,2) — ¥(0,2))H"1(S))| = 0. (3.35)

J—00
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In the case where
os <min{oas + 04,05+ 0B}

there is nothing to do since ¥(0,2) = ¥(0,2), and thus we define z; = w; for all j € N.
Assume that

oas +04 <min{os,ops + o} and oA =o04aB +0B.
In this case (3.35) becomes

lim |7 (2;) — F(wj) — (0as +oap +op —os)H"(S))| = 0. (3.36)

J—00

Note that the other possible cases can be treated similarly (and even more easily).

We fix two sequences sgl), S§2) € (0,1), for j € N, with sg-l) < 552) and 551),s§2) — 0 as
J — o0, such that, by setting

Lg = Vy, N {xn = s},

we have

H L) = HHS)), H UL ) = HHSY), (3.37)

J
and -
n—1
H (T, N0 < 2 < 57}) = 0. (3.38)

The existence of such sequences can be proved similarly to (3.26), using also the convergence
H”fl(ij) — H"L(SY) in view of the construction of w; in the previous step. We define
the function z; : Qr x R — {0,—1,1,2} (extended by periodicity to R™) by

wi(a', xy) if (2, 2y) € Qp,,, US,
) 1 if (¢/,2n) € Vo, and 0 <z, < sg-l),
zj(@', xy) = oy ) @ (3.39)
-1 if (2',z,) € Vi, and s;0 <an <87,
0 else.

Since h,; = max{hwj,sgg)} we have z; € Xjeg, and also ||w; — zJ'”Ll(Q}j) < 85.2).,2”"_1(QL),

which yields (3.34). Moreover
F(2j) = F(wj) = ogH" (L ) + oasH" " (L ) + (0as — os)H" ' (Sy,)
J J

+9 N (zj) = N(wy)) + Ry,

(3.40)

where

Ry = _%nil(rﬁj N{0<an < S§1)}) +(0cap —op)H" (T, N{0 <z, < S§‘1)})
+(oan = o) H G, 0 () < <sPH - O] 0 Y < < 7)),

Notice that R; — 0 thanks to (3.38). We then obtain (3.36) by passing to the limit in (3.40),
using (3.34), (3.37), and the fact that 7—["‘1(5’1‘5].) — HHSY).
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Step 5: the mass constraint. By combining the constructions in the previous steps and using
a diagonal argument, we have that given u € X, there exists a sequence {z;}jen C &reg such
that
. L _ N

Tim [~ ullgp) =0, lim F(z) = Fla) (3.41)
(see in particular (3.23), (3.30), (3.34) for the convergence of the functions, and (3.24), (3.31),
(3.35) for the convergence of the energies). In order to obtain the recovery sequence, we need
to restore the mass constraint: denoting by [Q,,| = M, |A,| = m, we modify the sequence
{zj}2en and we construct a new sequence {u;}en C Xreg such that

jlggo [Juj — ZjHLl(Q“L') =0, ]1520 7 (uj) = F(2)| =0, (3.42)
and
|Au;| =m, |By|=M—m. (3.43)
We first adjust the volume of thj by a vertical rescaling: namely, we take \; = %
%j

(notice that \; — 1 as j — 0o) and we let h; :== Ajh.;, so that Q| = M. We now need to
adjust the volume of A,; and B.,. Let

Ay = {2 Njxy) ¢ (2, 2) € Azt Bj = {(a', \jwn) : (2, 2p) € B, }

be the sets obtained by rescaling vertically A.; and B.; by the factor A;; notice that jj Uéj =
Qp,; and therefore \ZJ\ + ’EJ‘ = M. We also remark that, as \; — 1 and A,, — Ay, B, — By
in L', we have
|gj|_>m’ \Eﬂ—)M—m as j — oo.
Suppose to fix the ideas that |Z]| < m (we proceed similarly in the other case). Let
z € Qp, be a point of density one for B,,. Since Ej — B, in L', we have

lim lim 7‘Bj N B, (7))

r—0t ]4)00 ’B'r ’

=1.
Hence, it is possible to find 79 > 0 and jo € N such that
<1 for all j > jp.

Therefore, for every j > jo (for a possibly larger jo) it is possible to find r; € (0,79) such
that |B; N B, (z)| = m —|A;| > 0, since this quantity tends to zero as j — co. We eventually
define

1 if (a/,2,) € By, (%) N Bj,
uj(z',mn) = zi(@' o /Ny) if (27, 20) € U, \(By, () N By),
0 if (2, n) € Q7 \,.

We then have hy,; = h;j = Ajh;;, so that u; € Xy and ]Qhuj| = M. Moreover, A,; =

Ej U (B, (7) ﬂéj), hence |A,;| = \gj\ + ]EJ N B, (z)| = m. Thus (3.43) are satisfied. Finally,
also the convergences (3.42) hold, since A\; — 1 and r; — 0. O
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4 Regularity of minimizers
In this section we will study the regularity of solutions to the minimum problem
min{.7 (u) : v € X, |[Ay| =m, |B,| =M —m}, (4.1)

whose existence has been established in Theorem 3.5.

The strategy to prove the regularity of minimizers relies, as it is common in these kind
of problems, on the regularity theory for area quasi-minimizing clusters (see [22, Part 1V]
and the references therein). Indeed, we will firstly show in Subsection 4.1 via a penalization
technique that it is possible to remove the volume constraint in (4.1) by adding a suitable
volume penalization to the functional. Furthermore, the nonlocal part of the energy behaves
as a volume-order term thanks to Proposition 2.2. In view of these two properties, it follows
that the partition of R™ given by (A, By, Vi, S), for a solution u of (4.1), is a quasi-minimizer
cluster for the surface energy

G (u) = / U(ut u)dH ueX. (4.2)
JunQp,

The precise definition of quasi-minimality in our context is given in Definition 4.1 below.

Next, in Subsection 4.2 we exploit the quasi-minimality property to obtain the regularity
of minimizers in two dimensions stated in Theorem 1.1. Technical difficulties arise from two
fronts: on the one hand, we can only compare with clusters that satisfy the constraint of being
the subgraph of a function of bounded variation, a fact that poses a severe restriction on the
class of competitors. On the other hand, the interfaces between the phases of the cluster are
weighted by different surface tension coefficients. The challenges that arise from these two
features prevent us to rely on the standard theory quasi-minimizing clusters, and requires ad
hoc modifications of the classical proofs. For this reason we develop a regularity theory only
in dimension n = 2, since the general dimensional case requires more refined arguments. We
also remark that the regularity properties are obtained under the assumption that the surface
tension coefficients satisfy a strict triangular inequality (see (4.44)).

4.1 Penalization and quasi-minimality

In this section we show that, in any dimension n > 2, every solution to the minimum problem
(4.1) is a quasi-minimizer for the surface energy (Proposition 4.3), in the sense of the following
definition.

Definition 4.1 (Quasi-minimizer). We say that u € X is a quasi-minimizer for the surface
energy ¢4, defined in (4.2), if there exists A > 0 such that for every admissible configuration
v € X one has

G(u) <9 v)+ A(|AUAAU| + |BuABU|). (4.3)

We denote, for A > 0 and M > 0, by A a the class of all configurations uw € X such that u
is a quasi-minimizer for 4 with quasi-minimality constant A, and |Qp,, | < M.

As a first step we remove the mass constraint in (4.1) by considering a suitable penal-
ized minimum problem, see (4.4). For a discussion of the main idea of the proof, see the
Introduction.
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Lemma 4.2 (Penalization). Let 0 < m < M < oco. Then there exists A > 0 such that every
solution to the constrained minimum problem (4.1) is also a solution to the penalized problem

min{?(u)+A(|\Auy—m\Jr Hﬂhu|—M}) : ueX}. (4.4)

Proof. Let u € X be a minimizer for (4.1), consider a sequence {\;}jen with A\; — oo as
J — o0, and uj € X solving the minimum problem

min{jf)\j(v) = F(v) + )\j(HAU\ —m| + ||, | - M\) v x}, (4.5)

whose existence can be shown arguing as in the proof of Theorem 3.5. We will show that, for
j large enough, we have
| A, | = m, |Qhuj] =M, (4.6)

which will imply that u itself is a solution to (4.5) for j large, as desired.

To prove (4.6) we argue by contradiction and we show that, if at least one of the equalities
in (4.6) is not satisfied, then for j large enough it is possible to construct by a local variation
a configuration u; € & such that 2, (u;) < 43, (uy).

The construction of the local variation exploits the same diffeomorphism for both of the
mass constraints, applied at different points. In the first part of the proof (Steps 1-4) we thus
present the construction of the general diffeomorphism and the corresponding estimates for
the change of volume, perimeter and nonlocal energy under this perturbation. To simplify
the notation, in the rest of the proof we will write A;, Bj, and {); in place of A, By, and
Qhu]- respectively.

Step 1: Definition of the diffeomorphism. We denote by Bl := {2’ € R"~! : |2/| < r} the
(n — 1)-dimensional ball centered at the origin with radius r > 0, and define for z € R™

CH(z,7) =2+ (BL X (0,7“)) , C (z,r) =2+ (BL X (—r, 0)) ,
and
C(z,r) =CT(2,r)UC™ (2,7) U (2 + B, x {0}).

We next assume that z = 0 and we define a family of local perturbations in C(0,r).
Precisely, for |o| < r we define the map ®, : R™ — R™ by

(m’,xn +a(1 — |IT,|)(9”—" — 1)) if z € CT(0,7),

T

By (2, 1) = (x/, 2 — o (1— 20y (2 4 1)) if 2 € C(0,7), (4.7)

(@, ) if z € R"\C(0, 7).

The function ®, is a vertical rescaling with horizontal and vertical cut-off functions. The role
of the parameter o can be seen from Figure 3. Notice that for |o| < r the function ®, is a
bi-Lipschitz map and that ®,(C(0,s)) = C(0,s). Moreover, it holds

D@(x’,xn):( oy | 0 ) (4.8)

v (2!, ) ‘ 1+ ag(2/, xy)
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C(z,r
ENCt(zr) =) O (ENC*(2,7))

ENnC(z,r) K_‘l—J/

O, (ENC(z,1))

Figure 3: The effect of the map ®,, for ¢ > 0, on a set E: it stretches the set on C*(z,r)
and it compresses it on C~(z,7).

where Id,,—; is the (n — 1) x (n — 1) identity matrix,
(1-Ehe it (@, 2,) e CT(0,7),

ag (', 1y) = / (4.9)
—(1—=EDhe it (@ 2,) € (0, 1),

T

and
—Z (I — 1) & if (2, 2n) € CT(0,7),
v (2, 1y) = / (4.10)
%(%"-I—l)ﬁ if (2/,2,) € C~(0,7).
When we will perform a perturbation localized in a cylinder centered at a point z € R™, we
will consider the map = — z + ®,(z — z).

Step 2: Estimate of the change in volume. Let E C C(0,7) be a measurable set. We first
estimate the maximal change of volume ||®,(FE)| — | E||: by using (4.8) and (4.9) we get

/ /
/ (1—|x>dx—/ (1—m>dx
ENC+(0,r) r ENC—(0,r) r

<l Bnco,n).
.

_ Lol

0,(B)| - |B] |

r

(4.11)

Next, we prove more refined estimates on the change of volume of a set £ in the upper
and lower cylinders C*(0,r), C~(0,7). We first consider the case ¢ > 0. In this case, the
followings hold:

(i) For every e > 0 and o € (0,7), if [ENCT(0,r)| < er™ then
0<|®,(ENCT(0,7)] —|ENCT(0,r)] <U(e)|olr™, (4.12)

U(e) = [1— ”;1(w§1)’*1] 5
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(ii) For every p € (0,w,—1) and o € (0,7), if [ENC~(0,r)| > pr™, then

|®,(ENC(0,7)] — |[ENC(0,7))] < —L(p)|o|r"~! <0, (4.13)

1 -1 =
L(M::[—(l— K )+" (1— a ) ]wnl.
n Wn—1 n Wn—1

In (4.12)—(4.13) we have written |o| in place of o to stress the fact that the same estimates
hold also in the case ¢ < 0 up to exchanging the roles of C*(0,7) and C~(0,7), as can
be easily checked. Notice that U(¢) — 0 as ¢ — 0, and that L(u) is strictly positive, and
more precisely L(p) € (0,2=L) for every choice of € (0,wp—1), with L() — 0 as p — 0,
L(p) = 2L as p— wy—1.

To prove (4.12) we notice that by (4.8) and (4.9), and since o > 0,

/ /
B (ENCT(0,7))] — [ENCT(0,7)] = "/ (1 _ "’5|> do < 0/ (1 _ |=’L’\> d,
T JEnC+(0,r) r r JE r

where

where

F. =B, x(0,r), with  r. = r(a/wn_l)ﬁ.

By a direct computation we get (4.12). To prove (4.13), we similarly estimate

/ /
@,(EnC O]~ [EnC 00 =-2 [ ( - ‘“) <7 | ( ) w) o
r JENC—(0,r) r r Ja r

I

where .

G, = C_(O,r)\(BgM x (—r,0)), with s, =7r(1 — p/wp_1)"T.
We conclude again by a direct computation.

Step 3: Estimate of the change in perimeter. Given a countably H"~ !-rectifiable set ¥ C R",
by the generalized area formula (see [4, Theorem 2.91]) we have that

H (D, ()) —H"HD) = / (Jpo1dZ®, — 1) dH"(2), (4.14)
b
where d2®, : 7> — R" denotes the tangential differential of ®, at x € ¥ along the approx-

imate tangent space 7> to X, and the area factor .J, 1d>®, is defined as (see [4, Defini-
tion 2.68])

Jua 3, =\ [det (A3, o dS,) (4.15)

(here (X ®,)* is the adjoint of the linear map d®,).

In order to estimate (4.15), fix € ¥ and let 71,...,7,—1 be an orthonormal basis for the
approximate tangent space 7. By using (4.8), (4.9), and (4.10), for all i,j € {1,...,n — 1}
we have

n

(A5 ®o)* 0 dy®y), = > (VOi(2) - ) (VO (2) - 75)
k=1

=7i - Tj + 7 (Tj - wo (%)) + 77 (7i - we () + (75 - we (2)) (7 - wo (),
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where &, = (®L,...,®%) and 7; = (7},...,7") denote the components with respect to the

canonical base of R”, and w, () = (vs(z), ax(z)). By using the fact that |w, ()| < v/2|a|/r
and the general formula det(I +tA) = 1+ ttrace(A) + O(t?) as t — 0, we get

det((dZ®,)* 0 dZ®,) =1+ 27121 (7 - wo () + O((%)Q),
=1

where O((%)2) < C’(%)2 for a constant C' > 0 independent of o, r, and of x € ¥. Therefore
by (4.14) we find for |o| sufficiently small

|Jn_1d§(1>0 — 1‘ = ‘\/det((d§®a)* 0d¥®,) — 1' < COM7
r
where ¢y > 0 is a dimensional constant. This, together with (4.14), yields
|10, (2) - H (D) | < m'i'%"l(z). (4.16)

Step 4: FEstimate of the change of the nonlocal term. Finally, we estimate the change in
the nonlocal energy. We note that, by Proposition 2.2, it is enough to get an estimate on
|®,(E)AE| for a general set E with finite perimeter. As in [1, Proposition 2.7], we prove
the estimate by approximating the characteristic function of a set by a sequence of smooth
functions.

From the definition (4.7) of @, it follows that we can write ® (2, x,,) = (', 2+ do (71))
with ¢y (2)| < |o|. Then for f € C1(R™) we have

— fod ! = ' / . / ,
/C(O,r) |f f (I)a' |dIE // /_T|f(l',l'n) f($7$n+¢o'($n))| dxndl'

“hl.

/
r

—r |J0
r 1
< |0‘/ / / ‘gf(x/,:cn-i-tgbg(azn)) dt dz,, dz’
1 J—rJo 10Tn

<ol / V£ (o)) da.
C(0,r)

/ *f @’ IEn—l-tqﬁo(xn)) dt | dz,, da’
0

A (a?’, T + tqﬁg(xn)) dt ‘qﬁg(aﬁn)‘ dz,dz’  (4.17)

Let now E C R™ be a set with finite perimeter and let {fx}ren be a sequence of smooth
functions such that fi, — xg in L' and |V fi| ;1 — Z(E). Then also fyo ®;! — xpo ®.!
in L!. Therefore applying (4.17) to the function f, and passing to the limit as k — oo yields

@, (E)AE| = [ o e o 07| de <ol 2(B) (4.18)

0,r)

Step 5: General strategy. We can now go back to the main argument of the proof and show
that any solution u; of the penalized problem (4.5) satisfies the mass constraints (4.6), for j
large enough.
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The idea of the proof is to assume by contradiction that one of the mass constraints in
(4.6) is not satisfied, and to construct a perturbation of u; in a cylinder C(z,r) by means
of the maps ®,,. More precisely, we will choose a point z € R", a radius r > 0 and scaling
coefficients o; € (—r,r) and define

uj(r) = uj(z + @, (z - 2)). (4.19)

This is a local perturbation inside C(z,r) (the center and the radius will be chosen in such
a way that the cylinder does not intersect the substrate S) such that the phases of the new
configuration u; are given by

A/jzz+®0j(Aj_Z)’ Ej:Z-f-‘I)gj(Bj—Z), ﬁj:Z-l-(I)o-j(Qj—Z).

Thanks to (4.16), (4.18) and Proposition 2.2, we get the estimate

5, (0) = i, () < (L4 7Lx) (2(47) + 2(B)) o
oo - (4.20)
+)‘j<“‘4j| —m|+[|Q5] = M| — ||4;] — m| - [|Q;] - M|)-

where ¢y depends on the constant ¢y in (4.16) and on the surface tension coefficients. The
goal would be then to show that, if at least one of the volume constraints is not satisfied,
then it is possible to choose z, r and o; so that

1A = m| + [195] = M| — ||A;] = m| = [|9)] = M| < —Cloj|r™, (4.21)

for some C' > 0 independent of j. As A; — oo, the combination of (4.20) and (4.21) shows
that J4 (u;) < 3, (u;) for j large enough, which is a contradiction with the minimality of
u; in (4.5).

In the next two steps we will implement the previous strategy. We first observe that, by

using u as a competitor in the minimum problem (4.5) and since .# (u) < oo, we obtain the
bounds

§g§<9(Aj)+>\j}|Aj|—m|)<oo, itelg(a@(Bj)—f—)\jHBj]—(M—m)’)<oo. (4.22)

Thus, up to a subsequence (not relabeled), we get that A; — A and B; — B in L', with
|A| =m, |B| = M — m since A\j — co. We also have ; — Q := AU B. Notice that 2 is still
the subgraph of an admissible profile.

In the following, given a point zg € R™, r > 0, and a direction v = (V/,1,) € S*~! with

vy, # 0, we define
Yr = To + (7“ cos (arctan ’(:}H )) v (4.23)

and we consider the corresponding cylinder C(y,, 7). The choice of the point y, guarantees,
since v, # 0, that there exists a constant ¢, > 0, independent of r, such that if v,, > 0

CT(yr,r) N {(z —20) - v <0} =0, |C™ (yr,7) N {(z — 20) - v < O} = 2c,r™,  (4.24)
while if v, <0

C™ (yr,r) N {(z — z0) - v <0} =0, |CH (yr,7) N {(z — 20) - v < O} =2c,r™.  (4.25)
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Z2

C(y37 1‘) A

B

Figure 4: The constructions we employ in Step 6 in order to prove that |2;| = M. On the
left the first case, where we can locally modify the graph by changing by little the volume of
Aj. When this is not possible, we use another local modification to adjust the volume of A;,
as can be seen on the figure on the right.

Notice that the strict positivity of ¢, is a consequence of the fact that v, # 0.

Step 6: Fizing the total volume. Assume by contradiction that [Q2;| # M for infinitely many
J. We will consider for simplicity the case |[€2;| > M for all j, as the other case can be treated
by a similar argument.

Case 1. Assume that there exists xg € 0*Q2 N 9* B such that vo(xg) - €, > 0 (where v
denotes the exterior normal). We consider the point y, and the constant ¢, defined in (4.23)
and (4.24) respectively, for v = vq(zg) and 7 > 0 to be chosen later.

De Giorgi’s structure theorem for sets of finite perimeter ([4, Theorem 3.59]) together
with (4.24) ensures that

+ -
fig 20 Wy A0 Cn L _ i 120 C ()]

= 2¢,.
r—0 rh r—0 rr r—0 rn

Therefore, for every ¢ > 0, the fact that xo, — xq, x4, = xa and xp, = xB in L' yields
the existence of r € (0, 1) and jo € N such that for all j > jo the following holds (see Figure 4
on the left):

1Q; N CTH (y,,7)| < er™, ;N C (yp, )| > cur”, (4.26)

|A; N C(yr,r)| <er”. (4.27)

Moreover, for r small enough we can also guarantee that the cylinder C(y,,r) is contained
in the upper half-space and does not intersect the substrate. We then choose o; > 0 and
consider the perturbation defined in (4.19) centered at the point z = y,. In view of (4.26),
by using (4.12) and (4.13), we get

] 9] <~ (L(e) ~ U)oy
On the other hand, by (4.11) and (4.27),

1451 = 145]] < 450 Clyr, )| < eojr” g

Therefore, noting that we can assume M < @Jl < |9, (it is sufficient to choose o; and €
small enough), we find

€] — M| = [|9] — M|+ | 4] —m| = ||A;] = m| < |19;] — 9] + || 4;] - |4;]|
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< —(L(cy) = U(e) — g)ajr 1.

By choosing ¢ sufficiently small, we can ensure that U(e) +¢& < L(¢,), which yields (4.21) and
leads to the desired contradiction in this case.

Case 2. If the assumption of the previous case does not hold, we can find a point
x1 € 0"Q N 0*A such that vo(z1) - e, > 0. Since 0 < m < M, it is possible to find a second
point xo € 9*A N 0*B such that v4(x2) - e, < 0.

We will consider the composition of two perturbations of the form (4.19) localized in two
disjoint cylinders C(y},r) and C(y2,r), where (see also (4.23))

yl =1 + [r cos (arctan (@) ‘)] vo(z1),

|(va(21))]
(

(1))
o =t |1 cos (aretan (A2 ),

|(va(we

Let
El = {(z —z1) -va(z1) <0} NC(yt,7), E? = {(z — 29) -va(z2) <0} NC(y2, 7).

Note that E}@ € C~(yL,r) and that E2 C C*(y2,r). We let p == Cyq(z1)> Where the constant
¢y, for a vector v, is defined in (4.24). As in the previous case, fixed ¢ > 0, we can find r > 0
and jp € N such that for all j > jy we have (see Figure 4 on the right)

QN CH(y},r)| < er™, 1Q;NC (yp, )| > pr™, (4.28)
V; NC(y2,r)| < erm, (4.29)

and
(4,0 Ch ) DB <, | (40Ol r) AE2 < erm. (430)

By reducing the value of » > 0 we can further assume that the two cylinders C(y}!,r) and
C(y2,r) are disjoint and do not intersect the substrate. For a fixed sequence {ajl }ien C (0,7),
we define a second sequence {O’?}jeN as

|2’
1—-"=—)dz
0J2. = ao} where a = fEl ( -) (4.31)

g fE2 (1,M) dz

for each j € N. Notice that « is independent of r by scale invariance. Then, we consider
the configuration wu; obtained by applying to w; the composition of the two perturbations
yr + <I>0_71_ (-—yt) and y2 + <I>sz_(- —y2). We denote the sets of the new partition determined by
ﬂj by gj’ Ej, Qj = gj UEJ‘, ‘7]

We first consider the variation of the volume of ;. By (4.28), and since 0]1- > 0, we can
apply (4.12) and (4.13) and obtain

1N Clyy,m) = 1950 Clyy,r)| < —(L(w) = Ue))ojrm.
On the other hand, by (4.29) and using (4.11) we find
12 0 C(?, )l = 195 N C(y7, ] = 1V N Clyism)| = [V; 0 Cly?r)|

2

o~
< -LW;nCy,r)| <eojrt

r
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By combining the two estimates and recalling (4.31) it follows that
11— 191 < = (L) - Ue) - ae)olr. (4.32)
Next, we look at the variation of the volume of A;. We have for i = 1,2
|45 0 Clyr,r) = 145N Clyh 1) = |61 (BL = )| — | Ef| + RS, (4.33)
where thanks to (4.30) and (4.11)

|5 < [124: (45 N Clyp, r) AE, — )| = (45 0 Clyy, 1) AE; || < eor™™h. (4.34)

Also notice that the choice of 0]2- in (4.31) guarantees exactly that
(1201 (B} =y} = 1B}]) + (1952(B2 = y2)| - | E21)

0'1, 0'2
__J/ ( ‘x’>d + ]/ ( —|x—)dx:0. (4.35)
T JEl-y) r "By r

Therefore, from (4.33), (4.34), and (4.35), we get

||<I> El—yr)l |E1|+|<I> (EQ—yT)\—IE"’I\HRIHIRQI (4.36)

< E(Uj —i—oj)r”’l =e(l+a) jl nel

We can now conclude as follows. Similarly to (4.20) we find

A, 3) = 5, (05) < (D +71Lx) (P (A7) + 2(B)) (0} + o)
+ 5 (1] = m] + 191 = M| = [145] = m| — [192;] - M])
< C(1+a)a) + A (1] = 144]] + 18] - 1951)
< [0(1 ta)— )\ (L(u) —U(e) —ae— (1+ a)e) r”_l} ol

where we used (4.22) in the second inequality, and (4.32), (4.36) in the last one. We can
therefore choose € > 0 small enough so that the constant multiplying A; is strictly negative;
as \j — 400, this provides the desired contradiction with the minimality of u;.

Step 7: Fizing the volume of each phase. In this step we conclude the proof by showing that
|A;| = m for j large. Thanks to the previous step, we can assume that [Q;| = M for all j € N.
Suppose by contradiction that A; # m for infinitely many j. We consider for simplicity only
the case |A;| > m for all j, as the other case can be treated with similar computations.

Case 1. Assume that there exists zg € 0* AN 0*B such that va(xo) - e, # 0. We assume
to fix the ideas to be in the case v4(x¢) - €, > 0; in the other case, it is sufficient to exchange
the roles of the upper and lower cylinders in the computations below. We consider, for r > 0
to be chosen, the point y, and the constant ¢, defined in (4.23) and (4.24) respectively,
corresponding to v = v4(zp).
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Figure 5: The constructions we employ in Step 7 in order to prove that |A;| = m. On the
left the first case, where we can locally modify the set A; by changing by little the volume
of 2. When this is not possible by keeping the constraint of being a graph, we use another
local modification to adjust the volume of €2;, as can be seen on the figure on the right.

Fix € > 0. By De Giorgi’s structure theorem and the convergence x4; — x4, there exist
r > 0 and jo € N such that for all j > jo it holds (see Figure 5 on the left)

|Aj N C+(yr77ﬂ)| <er”, ‘Aj NC™ (yr, )| > 1™, (4.37)
and
V;nC(yy,r)| < er”. (4.38)

Moreover, for r small enough we can also guarantee that the cylinder C(y,,r) is contained
in the upper half-space and does not intersect the substrate. We then choose o; > 0 and
consider the perturbation defined in (4.19) centered at the point z = y,.. From (4.37), (4.12),
and (4.13), we have N

Al = 140 < ~ (@) - U)oy,

Moreover, from (4.38) and (4.11) we can estimate
[1V3 0 Clyr, )] = 1V 0 C )] < o™

Thus, using the fact that |Q2;| = M for all j € N, and that m < |g]| < |A;| (by choosing o;
and e small enough), we obtain
14| = m| +[1Q5] = M| = [14;] = m| — [1;] = M|
= (1] = 11| + 1451 = 14|
= [IV; N Clyr,r)| = |V N Clyr, 1)l + 145] = 4]
—(L(ey) = U(e) — g)ajr L.

IN

Therefore, by choosing € > 0 small enough we get (4.21), as desired.

Case 2. Finally, assume that v4(z) - e, = 0 for all x € 3*ANJ*B. The construction in
this case is similar to the one in Step 6, Case 2. Since 0 < m < M, we get that there exist
1 € 0FANO*V and x5 € 0*B N O*V. We let, for r > 0, y! and y? be the points defined by
(4.23) corresponding to the choice of vo(x1) and vo(x2), respectively, and

E} = {(z —21) - vo(z1) <0} N C(y,7), E} = {(z — 22) - va(x2) <0} N C(y,7).
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We let 1= ¢ (z,) > 0, where the constant c,, for a vector v, is defined in (4.24). As in the
previous cases, for fixed € > 0, we can find r» > 0 and jp € N such that for all j > jo we have
(see Figure 5 on the right)

(@ NCELM) A <er™, (A NC(hn)] > w™, A0 CHEh )| <™ (4.39)

and
(N Cy2, 7)) AE?| < er™, |A; N C(y2,r)| < er™ (4.40)

By reducing the value of » > 0 we can further assume that the two cylinders C(y!,r) and
C(y2,r) are disjoint and do not intersect the substrate. For a fixed sequence {O'Jl }ien C (0,7),

we define a second sequence {U?}jeN as

'l

1— 2y g
0? = —ao} where a = fEl ( -) (4.41)

j ]7 !
fE? (1 - M) dz
for each 7 € N. Notice that 0]2 < 0 and that « is independent of r by scale invariance.

Then, we consider the configuration u; obtained by applying to u; the composition of the
perturbations y! + @, ( - yT) Y2+ ®, ( y2). We denote the sets of the new partition

determined by u; by AJ, i Q = A U B], V’.
We first consider the variation of the volume of A;. By using the last two inequalities in
(4.39) and the last inequality in (4.40), together with (4.12), (4.13), (4.11), we get

4] = 144 < —(L(w) = U(e))ojr™ " +eloflr . (4.42)

The choice (4.41) guarantees that

(1201 (B} = y1)| = |B}]) + (1052(B2 = y?)| - |E21)

1 / 2
g O
:—’/ <1—’x|)dx—j/ (1—|x—)dx:0,
T JEl—yl r " JE2—y? r

therefore by arguing as in (4.36) we find
!I‘D (B, —yr)l - |E1| +12, (E2 —yr)l —|E?| \ + |Rll + |R2| (4.43)
ga(aj —HUJZ\) "l=e(l+a) ]1 n=1,
Therefore, similarly to (4.20) we find

5, 05) = 75, (3) < (2 491 ) (P(A7) + 2(B)) (0} + o)
+ 25 (|11 =] + 1551 = M| = [145] = m| = ||] - M])
< CL+a)a) + 5 (1191 = 1941] + 141 = 14;1)
< [0(1 )=\ (L(u) —U(e) —as— (1+ a)€> r"l} ol

where we used (4.22) in the second inequality, and (4.42), (4.43) in the last one. We can
therefore choose € > 0 small enough so that the constant multiplying A; is strictly negative;
as \j — 400, this provides the desired contradiction with the minimality of u;. ]
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Proposition 4.3. Let u be a solution to the minimum problem (4.1). Then u is a quasi-
minimizer for the surface energy &, according to Definition 4.1.

Proof. Let u be a solution to the minimum problem (4.1). Thanks to Lemma 4.2, we know
that there exists A > 0 such that u is a solution to the minimization problem (4.4). Consider
any competitor v € X, and let us prove the inequality (4.3). We can assume without loss
of generality that |Qp,| < |Qn,| + % (u), since if the opposite inequality is in force then (4.3)
holds trivially. We can therefore use the Lipschitz continuity of the nonlocal energy (see
Proposition 2.2) with a uniform constant Lys, depending ultimately only on u, together with
the triangle inequality, and get

() < F(0) +1(N(0) = N(w) + A(|[Au] = m| = |4 = m] +[19, ] = M| = [I,] - M1])

)+

Y (0) + YEnl AuS A+ ALAABA By + A (|1 Au] = [Aul| + 12,1 = |2,]])

G (v) + Ly |AuAAy| + Ly | BuAB, |+A(\A AA| + |, A, y)
)+

G (v ('yLN + 2A) ( )

where we used the inequality ||E| — |F|| < |EAF| for measurable sets E, F C R, and the
inequality |Qp, AQp, | < |AyAAL| + |ByABy|. O

Proposition 4.4 (Boundedness). Let uw € Ap pr. Then hy, € L®(Qr).

Proof. Along the proof, C' > 0 will denote a constant depending only on the dimension and
on the surface tension coefficients, that might change from line to line. Fix u € A j. For
each t > 0 define E; = Qp, N {x, >t} and m(t) := |E;|. Then for a.e. ¢ > 0 it holds

(1) = =" 0 {on = 1)
and H" 1(0*A, N {x, = t}) = H" 1 (0*B, N {z, = t}) = 0. By quasi-minimality of u,
comparing with the configuration v == ux{(,, <}, we get
oAM I TN {zn > t}) + opH TP N {2, > 1)) + oapH L TAE N {2, > 1))
< —max{o 4,05 }m/(t) + Am(t).

By using the isoperimetric inequality we can bound from below the left-hand side in the
previous inequality as follows:
—max{oa,op}m/(t) + Am(t) > min{o4, UB}’H"A((F;? uT?) N {z, > t})
=min{oa, o5} (P (E;) + m/(t))
n—1 /
>Cm(t) = +Cm'(t).
Now, given any € > 0, by finiteness of the Volume of Qp,, we can find ¢ > 0 such that m(t) < e.
For t > t, by writing m(t) = m(t)%m(t) < Enm(t) = , we therefore get

n—1

—(C +max{oa,o5})m/(t) > (C — Aew)m(t)"" .
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By choosing € > 0 small enough (depending ultimately on n, A, and on the surface tension
coefficients) we obtain the differential inequality

m(t) = < —-Cm!(t) for a.e. t > 1.

1
n

Integrating this inequality from ¢ to t > t we get m(t)% <e (t—t). Thus, for t > t+ CS%,
we get m(t) = 0. This concludes the proof. O

Ql-

Remark 4.5. In the proof of Proposition 4.4 we proved the following elimination-type prop-
erty: there exists € > 0 and ty > 0, depending on n, A and on the surface tension coefficients,
such that if u € Ax v and

|Qp, N{zn >t} <e

for some t > 0, then
|, N {xn >t+to} =0.

4.2 Partial regularity of quasi-minimizers in dimension 2

From now on we assume that the dimension of the space is n = 2. We also assume that the
surface tension coefficients satisfy the strict triangle inequalities

oAB < 0A+o0B, 0A<0OB+0AB, 0B < O0A+ OAB- (4.44)

Under these assumptions we will show a series of regularity properties satisfied by a quasi-
minimizer u of the surface energy ¢, according to Definition 4.1. Notice that for v € A
we have a uniform bound

sup (]Qhu| + Hl(Fhu)> <C

u€AN, M

for a constant C' depending on M, A and on the surface tension coefficients. In two dimensions,
this bound immediately yields boundedness from above of the film, that is there exists M > 0
(depending on M, A and on the surface tension coefficients) such that

Qp, € [0,L] x [0, M] for all u € Ap . (4.45)

We first fix some notation to be used throughout this section. We let

0=(-53)%(-33) @=r& Q()=2+2

for 2y € R? and r» > 0. We also define the strips

= (—%%) x (—oo,%), Co=1C",  Cr(z0) =2 +Cr.

The first regularity fact that we establish is an elimination property for the empty region
above the film, in the spirit of [20].

Proposition 4.6 (Infiltration for V). Let uw € Ax . There exists €1 > 0, depending on A,
M, and on the surface tension coefficients, such that if for some zy € R? and r € (0,1)

[V 0 Qr(20)] < e1r?, (4.46)
then
V1 Qs (20)] = 0. (4.47)
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Proof. Along the proof, to lighten the notation we will drop the subscript u from the sets
(2.11) of the partition determined by uw and from the corresponding interfaces (2.13)—(2.14).
The proof is divided into two steps.

Step 1: infiltration in strips. We first show that there exists £; > 0, depending on A and on
the surface tension coefficients, such that if for some zg € R? and r € (0,1)

V#NC (20)| < &, (4.48)

then
V#Nes (20 =0. (4.49)
4

We assume for notation convenience, and without loss of generality, that C, (z9) C (0, L) x R;
the general case is obtained by periodicity.
For s € [0,7] we let m(s) :== |V N C; (20)], so that m(r) < & 7?2 by the assumption (4.48).
The function m(s) is monotone nondecreasing, with
1

= ~HYOCT () N V) for Z'-almost every s > 0. (4.50)

m'(s) = 3

Fix now s € (0,7) such that (4.50) holds and H!(J, N dC; (20)) = 0 (notice that £!-almost
every s > 0 has this property). We define a competitor by “filling” the empty region in C; (zp)
above the substrate by the phase A or B. More precisely, assume that

HYTP NC(20) < HHTANCS (20)) (4.51)

and define (see Figure 6)

us(z) =
(%) u(z) otherwise

{1 if z€ VNC;(20),
(which corresponds to fill the region V' NC; (zp) by the phase A). The proof in the other case,
when one has the opposite inequality in (4.51), follows similarly by filling V' N C; (29) by the
phase B.

We then have A4,, = AU (VNC;(20)), By, = B, and A,, U B,, is the subgraph of an
admissible profile; therefore us € X is an admissible configuration and by quasi-minimality
of u we find

G (u) <9 (us) + A(|Au, AA| + By, AB)
=9 (u) + (9 (us) — G (u)) + Am(s) (4.52)
< G(u) — o aH (T4 N C; (20)) + (048 — 05)H (TP N C (20)) '

+oaH (VY NACT (20)) + (oas — o5)HYH(SY NCT (20)) + Am(s).
Observe now that by (4.51)
—o HH T2 NCT (20)) + (04 — o) HYTE N CT ()

(4.51)
< —UAHl(FA NC; (20)) + max{oap — 0B, O}Hl(FA NC; (20))

=max{oap —op — 04, —JA}Hl(FA NC; (20))
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Figure 6: The construction of the competitor in Step 1 when (4.51) is in force: we fill the
empty region in C; (zp) above the substrate by the phase A.

= —2e;H (T4 N CT ()

U (A A Cs (20) + HATE N CC(20))

where we set ¢1 == —% max{oap—0op—04,—04} > 0 thanks to the strict triangular inequality
between the coefficients. Hence
—oaHH T2 NCT (20)) + (04 — op)HHTP N CT (20)) — osHI(SY NC7 (20))

< —min{er, o5 (HHITANC (20)) + HU(TP NC (20)) + HU(SY NCy (20)))
= —min{cy,05}Z2(V;C; (20))

= —min{c1, 05} (P (V NC; (20)) — 2m/(s))

—clV N Cs_(zo)\% + c3m/(s)

(4.53)

IN

= —CQm(S)% + c3m/(s),

where we used the isoperimetric inequality in the last inequality, and cg, c3 are positive
constants depending on the surface tension coefficients. Furthermore, by the geometry of the
set V we have H'(SV NC; (20)) < HY(VD NACS (20)), hence
oA H' (VD N aCT (20)) + oasH (SY NCT(20)) < (044 oas)H (VY NOCT (20))
=2(oa+ oas)m/(s).

By inserting (4.53)—(4.54) into (4.52) and setting ¢4 := c3 + 2(04 + 04s) we find

(4.54)

o=
IN

m'(s) + Am(s)
cam’(s) + Am(s ) m(r)

'(s) + /E1LAm(s) a7,

The previous estimate holds for almost every s € (0,r) obeying (4.51), but one can obtain
the same estimate also for almost every s satisfying the opposite inequality (with possibly
different constants cg, ¢4). Therefore

(c2 — \FA) % <eqgm'(s) for ae. s€(0,r).

com(s) cy

N|=

IN

| /\
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Then, by choosing £; > 0 small enough, depending on A and on the surface tension coefficients,
we obtain that )
m(s)2 < Cm/(s) for a.e. s € (0,r),

for a constant C' > 0 depending only on the surface tension coefficients.
Suppose now by contradiction that m(%r) > (0. Then the previous estimate yields

%(m(s)%) > o for almost every s € (3r,7), and by integrating in (3r,r) we find

3 \z2 1
()" smt - 5= (V- 5o )r <o
by possibly taking a smaller £1, a contradiction. This shows that m(%r) = 0, that is (4.49).
Step 2. We now claim that there exists €1 > 0 such that

2
VENQ o) <er? = [VENCS (20)] < (%r) , (4.55)
4

where €1 is given by the previous step. Once this claim is proved, the conclusion of the
proposition follows easily by combining this property with Step 1.

Let us now prove (4.55). As before by periodicity we can assume Q,(zg) C (0,L) x R.
We denote by Q;.(z0) =20 + (=5, %) x {—5} the bottom side of the square Q,(zp). We first
observe that, by the geometry of the set V', we have

Vo)
r

HY (VD N QO (20)) <eyr (4.56)
Then (assuming without loss of generality that £; < £) we can find p € (2r,r) such that the
two points zg + (=5, %), 20 + (§,—5), on Q;.(20), are not points of density one for V. We
then consider the strip

U =C, (20)\Qr(20)
and, by the choice of p, it follows that the lateral boundary of U is outside V(}), hence

(4.56)

H (VO nou) <H (VD NQl(z)) < e (4.57)
We can further assume that
H' (Ju N OC, (20)) =0, (4.58)
since this is valid for .#!-almost every p € (0,7).
To continue, we assume that
HI(TANU) <HY TP D) (4.59)

and we construct a competitor by filling the region V N U by the phase B (the proof in the
other case, when one has the opposite inequality in (4.59), follows similarly by filling V N U
by the phase A): we define

. -1 ifzeVNU,
u(z) = )
u(z) otherwise.
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Notice that @ € X is an admissible configuration, hence by quasi-minimality of u we find

4G (u) < 9(a) + A(|AzAA| + |BaAB))
=9 (u)+ (9(@) —9(w) + AV NU]| 6
<G () + (cap — o) HH(TANU) — ogH (TP NU) (4.60)

+ogH' (VY NOU) + (ops — o) H (SY NU) + AV N U
Now, arguing similarly to the proof of (4.53), using the assumption (4.59), we find

(0ap — oA )HYTANU) —opHU TP NU) —osH (SY NU)
< max{oap — 04 —op,—op}H (TP NU) - osH (SV NU)
< —c (TP nU)+H(TAnU) +H(SV ND))
=—2(V;U)
=—ci(2(VnU)-H' (VY nav))
< —oVAU|2 + aH (VD nov),
where c¢1, ¢y are strictly positive constants depending on the surface tension coefficients, and

we used the isoperimetric inequality in the last passage. By inserting this inequality into
(4.60) we obtain

VU2 < (1 +op)H (VY NOU) + opsHUSY NU) + AV N U

Now observe that, by the geometry of the set V, we have H'(SV N U) < HY(VD N QL (2));
hence from the previous inequality it follows that

VU2 < (1 +op)H (VY NOU) + opsHA (VD N QL(20)) + AV N U
(4.57)
< (a —I—UB—FUBs)&lT—i-A’VﬁU‘.

Finally, observe that by using the uniform bound (4.45) and the vertical geometry of V' we
have |[VNU| < MHY (VI NQ! (2)) < e1Mr, so that by inserting this estimate in the previous
inequality we obtain

colV N U|% < (c1 +op+ops)err +e1AMr,

that is,
VNU| < Ce2r?

for some constant C' > 0 depending on A, M and on the surface tension coefficients (recall
that the bound M in (4.45) depends only on these quantities). Eventually

3 \2
VNCs (20l < [V NUI+ VN Qr(z0)| < Clr? +err? <& (7))
4

provided that we choose €1 small enough. This completes the proof of (4.55). O

We also have a dual statement for the region occupied by the film. The proof follows by
the same argument used in the proof of Proposition 4.6. However, since we can obtain this
result as a consequence of the stronger property proved in Proposition 4.9, we omit the proof.
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Proposition 4.7 (Infiltration for AU B). Let u € A v. There exists 2 > 0, depending on
A, M, and on the surface tension coefficients, such that if for some zg € R? and r € (0,1)
such that Q,(29) NS =0 we have

19 N Q. (20)] < e2r?, (4.61)

then
| N Q:(20) =0. (4.62)

Remark 4.8. It is worth to notice that, in the proof of Proposition 4.6 (and also of Propo-
sition 4.7), the constraint of being subgraphs prevents us to construct competitors by means
of local variations in a square Q,(zy), but imposes to consider the full vertical region below
or above the square. Notice also that, if a single set Qy, is a quasi-minimizer of the perimeter
in the class of subgraphs, a standard argument [16, Theorem 14.8] shows that it is actually
a quasi-minimizer among all possible competitors of finite perimeter, without the constraint
(we will exploit this fact in the proof of Proposition 4.13). However, in our case we have a
partition of the subgraph into two sets A, B of finite perimeter, and this argument fails due
to the presence of different types of interfaces between the phases.

We continue by proving that a quasi-minimizer satisfies an interior ball condition. The
proof of this result follows a strategy devised in [8] (see also [14, 15]) and adapted to our
setting. Since we are in dimension 2, the function h;, (see (2.1)) is a lower semicontinuous
representative of h,; in the following it will be convenient to identify h, with h,, so that in
particular the subgraph Qt is an open set. From now on, we work under this convention.

Proposition 4.9 (Interior ball). Let u € Ay and let py < %. Then for every
Z e F#ﬂ there exists an open ball Bp,(z9) such that

Boy(20) € {(z,y) €R? : y < hy(z)}, 9By, (20) NT}. = {2}. (4.63)

Proof. We divide the proof into two steps. To simplify the notation we drop the subscripts
on the various objects depending on u, which is fixed along this proof. We also denote by

Q;, = {(z,y) €R* : y < h(z)} (4.64)

where h = h,, is the profile associated with the configuration u. Recall that, by the convention
of identifying h with its lower semicontinuous representative o™, the set €, is open.

Step 1. We claim that for every ball B,,(z9) C €2, , where pg is as in the statement, the set
0B,y (20) N F# consists of at most one point.

Suppose on the contrary that there exists a ball B,(z0) C €, 20 = (z0,%0), such that
0B,(z) N I‘# contains at least two points a = (4, ¥Ya), b = (Tp, Yp), With z, < 2, A (z,) <
Yo < hT(xg), h™ () < yp < hT(xp). We will prove that this is not possible if p < py. By
periodicity, we assume without loss of generality that B,(z9) C (0, L) x R.

We define (see Figure 7) I'y, to be the arc on I'y, connecting a with b, and v, to be the
arc on 0B,(z0) N {y > yo} connecting a with b. Notice that by construction I'y; lies above

Ya,p- We also let D to be the region enclosed by I'y ;, and v, (i.e. the bounded component of
R?\(Top Uvap)). Also let

La=H'(T,pyNTH), Lp=H (TepNTP), L:=La+Lg=H Tauyp),
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xa xb

Figure 7: The construction in the proof of Proposition 4.9.

Oq=H" (%,b No*(AN Bp(zo))), g = 7—[1(%717) — by, L:=lp+lp= 7—[1(%71)).

We construct a competitor by removing the set D from the subgraph j: more precisely,
we define @ := uype. In this way @ is an admissible configuration, A; = A\D, By = B\D,
and the profile hy coincides with h outside [24, 2], and its graph on [z4, x| is given by 4.
Then, by using the quasi-minimality of u we obtain

G (u) <Y(u)+ A|D|
= g(u) —oalpa—opLlp — UAB']'[l(FAB ﬂﬁ) +oals+oply + A’D‘,
hence B
oa(La—La)+0p(Lp —p) + oapH (TP N D) < A|D|. (4.65)

To continue, we distinguish between two cases.

Case 1: assume that 4 < La, /g < Lp. In this case we obtain from (4.65)
min{o4,0p}(L —{¢) < A|D|. (4.66)

We estimate the difference L — ¢ as in [15, Lemma 6.6]; we reproduce the argument here for
the reader’s convenience. Assume first that h is Lipschitz continuous. Since I', j and v, 5 are
the graphs on [z, xp] of h and hg, respectively, and h(z,) = hi(xq), h(zp) = ha(xp), we have

Ty h/



By combining this inequality with (4.66), we see that necessarily p > W. Therefore,
any ball B, (z0) C €, can touch the graph F# at most once.

If A is not Lipschitz, then we can approximate h by a sequence of Lipschitz functions g
as in [15, Lemma 6.2], write the previous inequality for g, and obtain the same conclusion by
passing to the limit.

Case 2: assume that £4 > L4, g < Lp (the other case, 4 < Ly and {5 > Lp, is completely
analogous). In this case, thanks to the triangle inequality o4 < op + cap (see (4.44)), we
find by (4.65)

(c+0aB)(La—¥a)+op(Lp —{B) —I-UABH1(FAB ﬁﬁ) < A|D|,

and in turn
op(L—10) +oap(La—Lls+HHTAE N D)) < AlD|.

One can check that
La—1{a+HYTAPND)>0 (4.67)

(this inequality follows essentially by [22, Ex. 15.14]). Therefore, using (4.67) it follows that
op(L—{) < A|D| and in particular (4.66) holds. We can therefore repeat the same argument
as in the previous case.

Step 2. We now prove the existence of an interior ball at every point of F#, by the same
argument as in [8, Lemma 2] or [14, Proposition 3.3, Step 2]. Let U be the union of all balls
of radius pg which are contained in €2,". We claim that

Q, cU, (4.68)

a fact which implies the conclusion of the proposition. If (4.68) does not hold, then by
connectedness of €2, there exists zgp € 2, NJU. We consider a sequence z, — 29, 2, € U,
and for every n we can choose a ball B, (w,) C €, containing z,. Up to subsequences,
the balls B,,(w,) converge in the Hausdorff metric to a limit ball B,,(wg) C €, such that
20 € 8Bp0 (wo).

By the previous step, B, (wp) intersects I’# no more than once; on the other hand the
intersection must be non empty, or else we could slightly translate the ball remaining inside
1, , so that zp would be a point in U, contradicting the fact that zo € OU.

Therefore 0B, (wo) QF# ={z}. If (Z—wo)- (20 —wo) < 0, then we could slightly translate
the ball as before and obtain that zy € U, a contradiction. If else (Z —wyp) - (z0 —wp) > 0, then
we could rotate the ball around zg, slightly away from Zz, to obtain a new ball B of radius po,
with B C 2, and 29 € 0B; by translating this ball towards 29, we obtain that zq is in the
interior of a ball of radius pg contained in 2, , which again implies zg € U, a contradiction.

This completes the proof of (4.68). O

As a consequence of the interior ball condition proved in Proposition 4.9, we obtain the
Lipschitz regularity of the free profile F#u of a quasi-minimizer u outside a finite set.

Proposition 4.10 (Lipschitz regularity). Let u € A . There exists a finite set ¥ C Qp,
with Jy, C X, such that hy, is locally Lipschitz in Qr\X and has left and right derivatives at
every point of Qr\X, that are respectively left and right continuous.
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Proof. We denote by h := h, the admissible profile associated with the configuration u. For
z € F#, we let

n(z) = {v €S : By(z+ pov) CQ; }
where py > 0 is given by Proposition 4.9 and €2, is defined in (4.64). In view of Proposition 4.9,
n(z) # 0 for all z € F#. Notice also that, if v € n(z) for some z, then necessarily v - ez <0
(or otherwise Fh# would not be an extended graph). We define the singular set

Y= Wx({z el tepen(z)or —e € n(z)}) C Qr, (4.69)

where 7, denotes the projection on the z-axis, and by ©# its periodic extension. The plan of
the proof is the following: we first identify some properties of the set n(z), for z € F#, and
then we prove that X is a finite set, J, C X, and & is locally Lipschitz outside X.

Step 1: n(z) cannot contain both vectors e, —ej.
This is a consequence of the infiltration property in Proposition 4.6. Indeed, on the

contrary we would have B, (z 4 poe1) U By, (2 — poer) C 2, and z would be a cusp point.

The Lebesgue two-dimensional density of the void Vi at such point is zero:

VN Q.(2)|

lim

TN T

Hence the condition (4.46) is satisfied at small scale, and |V’ N Q,(z)| = 0 for r > 0 small
enough by Proposition 4.6 . This, however, is not possible since z € Fh#.

Step 2: n(z) is a (possibly degenerate) arc on S* with length strictly smaller than .

In view of the previous step and recalling that v - es < 0 for all v € n(z), it is enough to
show that if vy, 5 € n(2) then, denoting by [v1, vs] the shortest arc on S! connecting 1 and
vo, we have [v1, 9] C n(z). Indeed, if v € [v1, 1] there exists p > 0 such that

By(z + pv) C By (2 + pov1) U By (2 + pova) C Q.

It follows that also B,,(z + pov) C £, , or otherwise there would be p’ € [p, po] such that

0B (z 4+ p'v) meets F# twice, which is excluded by Proposition 4.9 (see in particular Step 1
in the proof). Hence v € n(z).

Step 3: if zn, 20 € F#, Zn — 20, and vy € n(zy), Vn — vy, then vy € n(zp). In particular,
n(z) is closed for every z € F#.
Indeed, the balls B, (2, + povn) C €2, converge to B, (20 + pov) in the Hausdorff dis-

tance, hence this ball is also contained in €, . It follows that vy € n(2o).

Step 4: ¥ is a finite set and Jp, C X.

The finiteness of ¥ follows by a compactness argument. Assume by contradiction that
there are infinitely many points =, € X. Let z, = (zn,yn) € 'y, be corresponding points
on the graph and assume, without loss of generality, that e; € n(z,) for all n. Then up to
subsequences z, — z = (z,y) € I';, and by Step 3 e; € n(z), so that z € ¥. However, since
the balls B,,(z, + poe1) are tangent to I', at 2z, and contained in the subgraph (2, this
configuration is possible only if the points z, are vertically aligned for all n sufficiently large,
which contradicts the assumption that the points xz,, are distinct.
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If x € Jp, then Ty, N ({2} x R) is a vertical segment {x} x [A~(x), h*(z)]. At each point
z = (x,y) with A~ (z) <y < h™(x) it must be n(z) = {e1} or n(z) = {—e1}, hence z € X.
Step 5: h is locally Lipschitz in R\X#.

Let z9 = (x0,y0) € F# with 2o ¢ ¥#. We can find § > 0 such that v - ey < —26 for all
v € n(zp). Thanks to Step 3, there exists ro > 0 such that

v-eg < =9 for all v € n(z), for all z € FZ& N (20 + (o, 7"0)2).
Let now z = (z,9) € Fh#ﬂ(zo+(—ro,ro)2) and let v = (v1,13) € n(Z). Notice that Z ¢ L# and

therefore z is not a jump point of h, so that y = h(z). By definition the sphere 0B, (z+ pov)
is tangent to F# at the point z, and in a neighbourhood of Z it is the graph of the function

0 2vy _ T —T)2
o(x) =g+ pova + polraly |1 + Q(x—m)—%
povy PoVa

By construction, h(z) = ¢(z) and h(z) > ¢(z) for all 2 in a neighoburhood of z, since the
ball B, (% + pov) is contained in Q, . By straightforward computations

1/ %1 17— 1 1
Tr) = — y xr) = —— Z —_——.

S = W=

It follows that the function ¢(x) + 2;”% is smooth and convex in a neighbourhood of z:

therefore, there exists 7 > 0 (depending on Z) such that for all z € (z — 7,z + T)

2 =2 =
x _ z vy z _
> =+ )(z—27).
?e) + 2p003 #@) + 2p003 - (Vz\ " /9053> (&~ 2)
In view of the relation between h and ¢, the same inequality holds by replacing ¢ by h.
In conclusion, we proved the following property: given any z € (zg — 7o, zo + 7r0), there
exists 7 > 0 such that

h(z) + o >h(i)+i+ i+i (x—z) forallze (z—7,247)
2p00% 2p00° ol pod? ’

(where v = (v1,12) € n(Z,h(x))). This shows that the function h(x) + 2;% is convex in

(560—7’0,%04-7’0). Il

Remark 4.11. The points in the singular set 3 identified in Proposition 4.10 are of two
possible kinds: they are either jump points of the function h,, or continuity points of h, at
which the left or the right derivative of h, is infinite. At the upper point (z,h} (x)) of a
Jjump x € Jy,, the graph has a vertical tangent. Notice also that the graph of h, does not
contain cusp points as a consequence of the infiltration property and the inner ball condition
(see Step 1 in the proof of Proposition 4.10).

Remark 4.12. Let u € Ap . Since the set OF = {(z,y) €R2:0 <y < h(z)} is open, A is

a quasi-minimizer of the perimeter in Q# in the classical semse. Thus it is possible to apply
standard regularity results (see [22, Theorems 26.5 and 28.1]) to obtain that TAB is a locally
a CY-curve in Q# for every a € (0,1/2), and that it coincides with OA N OB in Q#
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Finally, we show that the graph as a better regularity around points of 0* AUd*B. Notice
that if h,,(zo) = 0, then (xg, hy(z0)) ¢ 0" AUI* B, or otherwise V,, would have Lebesgue density
zero at that point, which is not permitted by the infiltration property in Proposition 4.6.

Proposition 4.13. Let u € Ap pr. If xo € Qr\X is such that (xo, hy(x0)) € 0*AUO* B, then
hy is of class CY in a neighbourhood of xq, for every o € (0,1/2).

Proof. To simplify the notation we denote by h := h,, the admissible profile associated with the
configuration u, and we remove the subscript u from the sets of the corresponding partition.
Recalling (4.44), we let

4= min{JAB—I—UA—UB,UAB,(TA}>O. (4.70)

Step 1. Fix xp as in the statement and let zg := (xg, h(xp)). Thanks to Proposition 4.10 we
can find ro > 0 (depending on () such that h is Lipschitz continuous in (xg — 79, 2o + 70),
with Lipschitz constant ¢ € (0,00). For s > 0, set

Rs = 29+ sR, R = (—1, 1) X (—26, 26).
Then
L, NOTR, =0 (4.71)
for all s € (0,79), where
O Ry = 29 + (—s,8) x {£20s}.

Moreover, by possibly reducing the value of 79, we can also assume that R; NS = ().
We now prove an infiltration-type property, similar to Proposition 4.6, for the two phases
A, B at the point zp. Precisely, we claim that there exists ¢ > 0 (depending on zg) such that
if
|ANR,| <er? (4.72)

for some 0 < r < rg, then
|AN R, 9| = 0. (4.73)

The same property holds if the set A is replaced by the set B.
For s € (0,79) set m(s) :== |[AN R,|. Then for Z!-a.e. s € (0,79) we have that

m/(s) = 20HY (A N (0T Ry U O™ Ry)) + HY (AW NOR,\ (0 R, U™ Ry)) (4.74)
and that
HY(OR, N (9* AU J*B)) (4.75)

=0.
We claim that there exist C7, Cy > 0 such that for s € (0,7¢) satisfying (4.74) and (4.75), the
following differential inequality is true:

C’lm(s)% < Com!(s) + 3Am(s). (4.76)

Once (4.76) is established, (4.73) will follow by a standard argument by using (4.72) and
choosing ¢ sufficiently small, as in the last part of Step 1 in the proof of Proposition 4.6.

We are thus left with proving (4.76). The idea is to construct a suitable competitor and
to use the quasi-minimality inequality for u; we have to pay attention that the competitor
satisfies the graph constraint. If

HL(TANR,) > H (TP N R,) (4.77)

46



f Z "
(1 E\/

B,

Figure 8: The construction of the competitor in the case H'(I'* N R,) > H'(T4B N R,): we
remove AN Ry and we ‘move down’ B N Ry.

then we set (see Figure 8)
Ay = A\R,, B, = (B\Rs) U (BN R,)“, (4.78)
where, for a measurable set & C Rs; we define
EC = {(z,y) € Ry : h(wo) — 20s <y < h(zo) — 2s + H' (Ey)}, (4.79)

with B, .= {t € R : (z,t) € E'}. In the case where

HYTANR,) < HYTAB N R,) (4.80)

we set instead (see Figure 9)
A = A\Rg, Bs:=BU(ANR;y). (4.81)
Note that the configuration vs = xa, — xB, is an admissible competitor for the quasi-

minimality inequality in Definition 4.1. In the first case this follows from (4.71), while in the
second case the free profile of the configuration is left unchanged. Denote by hs : Q1 — [0, 00)
the admissible profile such that Q, = A5 U Bs.

Assume that (4.77) holds, and thus A, and B; are defined as in (4.78). Then, by an
argument similar to [16, Lemma 14.7] one can prove that

H' (0*B, N Ry) < HYO*BN Ry) +HY(AY N~ R,). (4.82)

Moreover, one can check that

(4.74)
\hE(zo —s) — by (zo — )| + | (xo + 5) — h (xo + s)| < HY AWV NOR,) < m/(s), (4.83)

and that
|BsAB| < 2|AN Rg| = 2m(s). (4.84)
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Figure 9: The construction of the competitor in the case H'(I'* N R,) < HY(TAB N R,): we
simply fill AN Ry with B.

The quasi-minimality of u, together with (4.74), (4.75), (4.82), (4.83), and (4.84), yields

oaH T2 N Ry) 4+ opH (TP N Ry) + oasHHTAB N Ry)
< oMY (8*Bs N Ry) + max{oa, oap}H (AV NOR,)
+max{oa,op}(|h (w0 — ) = hy (zo — 8)| + [hT (x0 + 5) — hy (w0 +5)|)  (4.85)
+ Am(s) + A|B;sAB|
< opH TBNR,) + opH (TP N R,) + 3max{oa, 05, 045}m (5) + 3Am(s).

By using (4.70), (4.77), and the isoperimetric inequality, we estimate

oAH TANR,) + (0ap — op)H (TP N Ry)
> o HY AN R,) + min{oap — op, OVH (T4 N Ry)

b b}

1/pA 9,1 /TAB 9,1 /mA

> M (TN Ry 2 M TP N R + S H (T4 N Ry (4.86)

- g(gf)(A NR,) — H(AD 0 6RS)>
> C(m(s)% —m/(s)).

By inserting (4.86) into (4.85) we obtain the desired inequality (4.76) in the case where
assumption (4.77) holds.
Assume now that (4.80) is in force, and thus A, and B; are defined as in (4.81). In this
case, the quasi-minimality inequality for u yields, using also (4.74) and (4.75),
oAH (T4 N Ry) + oapH (TP N R,) < opH (T4 N R,) + oagH (AY NOR,) + 2Am(s)
< ogHY TN Ry) + oapm!(s) + 2Am(s). (4.87)
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By using (4.70), (4.80), and the isoperimetric inequality, we estimate

(04 —op)HHTA N R,) + oapH (TAP N R,)
> min{oq — o, 0}H (TAZ N R,) + oasH (TP N R,)

5 5
1 /1AB 0.,/1/1AB a1l A
> oH! TP N Ry > JHI TP N R + SHI(TUN R (48)
5
= (240 Ry~ H'(AV N oR,))

> C(m(s)% —m/(s)).

By inserting (4.88) into (4.87) we obtain the desired inequality (4.76) also in the case where
assumption (4.80) holds.

Step 2. We conclude as follows. Let xg be as in the statement, and let zp := (z¢, h(xg)) €
0*A U O0*B. Assume zy € 9*B. Let 9 > 0 be as in Step 1, so that h is Lipschitz continuous
in (zg — 19,0+ 10) With Lipschitz constant ¢. Let also € > 0 be given by Step 1. Then, since
20 € O*BNO*V, it is possible to find r € (0,7y) such that

AN R, (20)] < er®.

From Step 1 we get that [A N R, /5| = 0. This implies that in R,/, there are only the sets

V and B. In particular, we also have 8+RT/2 c BO), O R,ps C BW (recall (4.71)), and
BN R, is the subgraph of a function of bounded variation.

Let now E C R, /; be any set of finite perimeter such that EAB CC R, /o, and let E¢
be the set defined in (4.79). We can test the quasi-minimality inequality with the competitor
obtained by replacing the phase B N R, /5 by E%, which is admissible since it satisfies the
graph constraint. We therefore find

o5 P(B; R, j5) < 0 P(EC; R, jy) + A|(ECAB) N R, jol. (4.89)

We observe now that, similarly to (4.82), we have 2(EY; R, ;5) < P(FE;R,3); moreover
(since BN R,/ = (BN RT/Q)G) we also have
(EAB) MR, jo| = [ECA(BN R, 5)°|
= ‘EG‘ + ’(B N Rr/2)G‘ - Q‘EG n (B N RT/Q)G|
S |E[+ BN Ryjo| = 2[EN (BN R, )| = [EA(BN R, ).

Then, inserting the previous inequalities inside (4.89) we find
A
P (B; Ryja) < P(E; Ry po) + gKEAB) N R, s

for every set of finite perimeter £ C R, /5 such that EAB CC R, /5.

This shows that B is a quasi-minimizer of the perimeter inside R, /5 in the classical sense,
that is without the graph constraint. Thus, the regularity of I'y, N R, = 0*B N R,. /5 follows
from classical regularity results for quasi-minimizers of the perimeter (see, for instance, [22,
Theorems 26.5 and 28.1]). This concludes the proof. O

By collecting all the previous statements, we obtain the properties listed in Theorem 1.1.
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Proof of Theorem 1.1. The infiltration property (i) follows by Proposition 4.6 and Proposi-
tion 4.7. The Lipschitz regularity (ii) and the characterization of the singular set (iii) are
proved in Proposition 4.10 and Remark 4.11. The internal regularity of the interface (iv)
is discussed in Remark 4.12. The C%*-regularity of the graph (v) is proved in Proposi-
tion 4.13. O
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